THE INVERSE F-CURVATURE FLOW IN ARW SPACES 



HEIKO KRONER 



Abstract. In this paper we consider the so-called inverse i^-curvature flow 
(IFCF) 

(0.1) x = -F-^u 

in ARW spaces, i.e. in Lorentzian manifolds with a special future singularity. 
Here, F denotes a curvature function of class (K*), which is homogenous 
of degree one, e.g. the n-th root of the Gaussian curvature, and u the past 
directed normal. We prove existence of the IFCF for all times and convergence 
of the rescaled scalar solution in C°°(5o) to a smooth function. Using the 
rescaled IFCF we maintain a transition from big crunch to big bang into a 
mirrored spacctimc. 
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1. Introduction 

Let N — A^"+i be a ARW space with respect to the future, i.e. is a globally 
hyperbolic spacetime and a future end of N can be written as a product [a, b) x 
S'o, where Sq is a Riemannian space and there exists a future directed time function 
T = such that the metric in iV+ can be written as 

(1.1) ds^ = e^'f'i-idx^f +a,j{x°,x)dx'dx'}, 
where So corresponds to 

(1.2) a;° = a, 
ip is of the form 

(1.3) Vi(x°,x-) = /(x")+V(a;°,x), 

and we assume that there exists a positive constant cq and a smooth Riemannian 
metric ct^ on 5*0 such that 

(1.4) lim e''^ = Co A lim (T,y(T, x) = CT^j (a;) A lim /(t) = — oo. 

r— ^6 T— >b r— 

W.l.o.g. we may assume co = 1. Then N is ARW with respect to the future, if the 
derivatives of arbitrary order with respect to space and time of e^^-^ gafs converge 
uniformly to the corresponding derivatives of the following metric 

(1.5) - {dx°f +a^j{x)dx'dx^ 

when cc" tends to b. 

We assume furthermore, that / satisfies the following five conditions 

(1.6) 0<-/', 
there exists w G M such that 



f'|2g(n+i«-2)/ 

Set 7 = i (n + w — 2) , then there exists the limit 



1.7) n + uj-2>0 A lim 1/ pe^"+"'-2^^ m > 0. 



(1.8) lim(/ +71/ n 

T— >-0 

and 

(1-9) \D",\f" +7\f'n<cm\f'r Vm>l, 

as well as 

(1.10) \D'r"J\<Cm\f'r Vm>l. 

If 5*0 is compact, then we call A^ a normalized ARW spacetime, if 

(1.11) / Vd^=|^"|. 

J So 

In the following 5*0 is assumed to be compact. 

Remark 1.1. (i) If these assumptions are satisfied, then we shall show that the 
range of t is finite, hence we may-and shall-assume w.l.o.g. that 6 = 0, i.e. 

(1.12) a<T<0. 

(ii) Any ARW space with compact 5*0 can be normalized as one easily checks. 
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To guarantee the C'^-regularity for the transition flow, see Section 11, especially 
(11.37), we have to impose another technical assumption, namely that the following 
limit exists 

(1.13) lim(/"+7|/'n'T. 

T— >0 

We furthermore assume that in the case 7 < 1 the limit metric aij has non- 
negative sectional curvature. 

We can now state our main theorem, cf. also Section 2 for notations. 

Theorem 1.2. Let N be as above and let F G C°°(r+) n C°(f+) be a curvature 
function of class (K*), cf. Definition (2.3), in the positive cone T-i- C M", which is 
in addition positiv homogenous of degree one and normalized such that 

(1.14) i^(l,...,l) = n. 

Let Mq be a smooth, closed, spacelike hypersurface in N which can be written as a 
graph over So for which we furthermore assume that it is convex and that it satisfies 

(1.15) -e<inf.T"<0, 

Mo 

where 

(1.16) e = e(iV,.g,^) >0. 

(i) Then the so-called inverse F -curvature flow (IFCF) given by the equation 

(1.17) i = -|^ 

with initial surface x{0) = Mq exists for all times. Here, v denotes the past directed 
normal. 

(ii) If we express the flow hypersurfaces M{t) as graphs over Sq 

(1.18) M(i) = graph ■;/(<, •), 
and set 

(1.19) u = ue^\ 

where 7 = ■^■7, then there are positive constants C\,ci such that 

(1.20) -C2<u<-ci<0, 

and u converges in C°°{Sa) to a smooth function, if t goes to infinity. 

(Hi) Let (gij) be the induced metric of the leaves M(t) of the inverse F -curvature 
flow, then the reseated metric 

(1.21) e**<?,, 
converges in C°°{Sq) to 

(1.22) (72m)7(-u)*a,^., 

where we are slightly ambiguous by using the same symbol to denote u[t, ■) and 
limu(<, •). 

(iv) The leaves M{t) of the IFCF get more umbilical, ift tends to infinity, namely 

(1.23) F-^\h] --H5i\<ce-^^K 
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In case n + w — 4 > 0, we even get a better estimate, namely 

(1.24) I /if - -H5' \ < ce-5^("+"-4)*. 

In [4] together with [5] this theorem is proved when the curvature F is replaced 
by the mean curvature of the flow hypersurfaces. 

In our proof we go along the lines of [4] and [5] as far as possible, for Section 5 
we use [2]. 

The paper is organized as follows. In the remainder of the present section we 
list some well-known properties of /, cf. [8, section 7.3], which will be used later. 
In Section 2 we introduce some notations and definitions. In Section 3, 4 and 5 we 
prove Theorem 1.2 (i), in Section 6, 7, 8, 9 and 10 wc prove Theorem 1.2 (ii)-(iv) 
and in Section 11 we will define a so-called transition from big crunch to big bang 
via the rescalcd IFCF into a mirrored universe. 

Let us briefly compare our case with the mean curvature case. 

Concerning the proof of the existence of the flow the C°-estimates are similar 
to the mean curvature case and the C^-estimates are even easier in our case, since 
they follow immediately from the convexity of the flow hypersurfaces. For the C^- 
estimates we prove the important Lemma 4.11 and obtain with it in Lemma 5.2 
the optimal lower bound for the i^-curvature of the flow hypersurfaces, at which 
optimality is not seen until Section 8. The remaining part of the C^-estimatcs is 
different from the mean curvature case but can be found in [2]. 

Concerning the asymptotic behaviour of the flow the C'^-estimates are similar to 
the mean curvature case. But the C^-estimates in Section 7 and particularly the 
crucial C^-estimates in Section 8 differ essentially from the mean curvature case. 
Using the homogeneity of F the C^-estimates lead to very good decay properties 
of the derivatives of F, so that from this time on the difference between our and 
the mean curvature case is only formal. 

I would like to thank Claus Gcrhardt for many helpful hints. 

Lemma 1.3. Let f G C'^{[a,b)) satisfy the conditions 

(1.25) lim /(r) = -oo 

and 

(1.26) lim If'fe^"'^ = m, 

T—^b 

where 7, m are positive, then b is finite. 

Corollary 1.4. We may-and shall-therefore assume that b ~ Q, i.e., the time 
interval I is given by I — [a,0). 



Lemma 1.5. (i) 



e7/ 



(1.27) lim = -7v^. 

T-)-o r 

(ii) There holds 

(1.28) f'e'^f + ^f^r^cT'^, 
where c is a constant, and where the relation 

(1.29) ^p - cr^ 
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(1.30) lim = c. 
Lemma 1.6. The asymptotic relation 

(1.31) 7/'r-l-cT^ 
is valid. 

2. Notations and definitions 

In this section, where we want to introduce some general notations, we assume 
for all properties listed from the beginning of Section 1 as far as equation (1.2) 
except for being ARW and we write i/j instead of ip. Let M C be a connected 
and spacelike hypersurface with differcntiable normal v (which is then timelikc). 
Geometric quantities in N are denoted by {(jafs), {Rafi-ys) etc. and those in M 
by (gij), (Rijki) etc.. Greek indices range from to n, Latin indices from 1 to 
n; summation convention is used. Coordinates in TV and M are denoted by (x") 
and (^*) respectively. Covariant derivatives are written as indices, only in case of 
possibly confusion we precede them by a semicolon, i.e. for a function u the gradient 
is (ua) and (mq^) the hessian, but for the covariant derivative of the Riemannian 
curvature tensor we write Rap-fS;e- 

In local coordinates, (cc") in N and (<^') in M, the following four important 
equations hold; the Gauss formular 

(2.1) < = h. 



V 



In this implicit definition {hij) is the second fundamental form of M with respect 
to V. Here and in the following a covariant derivative is always a full tensor, i.e. 

(2.2) x^j = x^j — ^i'jXi^ + Tp^xfx^ 

and the comma denotes ordinary partial derivatives. 
The second equation is the Weingarten equation 

(2.3) = h^^t, 

where is a full tensor. The third equation is the Codazzi equation 

(2.4) /ly.fe - hik-j = Rap^&v°'x^^xljxi 
and the fourth is the Gaufi equation 

(2.5) Rijki = - {hikhji - huhjk} + Rap^sx"x^ xjxf . 
As an example for the covariant derivative of a full tensor we give 

(2.6) Ral3jS;i = Ral3jS;eXi, 

where this identity follows by applying the chain rule from the definition of the 
covariant derivative of a full tensor; it can be generalized obviously to other quan- 
tities. 

Let (x") be a future directed coordinate system in N, then the contravariant 
vector (^") = (1,0, ...,0) is future directed; as well its covariant version (^q,) = 
e2'/'(-l,0,...,0). 
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Now we want to express normal, metric and second fundamemtal form for space- 
like hypersurfaces, which can be written as graphs over the Cauchyhypersurface. 
Let M ~ graphwlsn be a spacelike hypersurface in iV, i.e. 

(2.7) M = {(a;°,x) : a;° = a; € 5o} , 
then the induced metric is given by 

(2.8) gij = e^"^ {-UiUj + cry } , 

where cry is evaluated at {u, x) and the inverse (<?*-') = (ffij) ^ is given by 

(2.9) g'^ = e-2V' 

where (cr*^) = {(^ijY^ and 



U = (J ■' u 

(2.10) , ■.. 2 

^ I- a'^u,Uj = l~\Du\, v>Q. 

We define v = w^^. 

From (2.8) we conclude that graph u is spacelike if and only if \Du\ < 1. 
The covariant version of the normal of a graph is 

(2.11) iiy^)^±v-^e^'{l,-u,) 
and the contravariant version 

(2.12) {ly") =Tv'^e'^'^' {l,u') . 
We have 

Remark 2.1. Let M be a spacelike graph in a future directed coordinate system, 
then 

(2.13) (i^") = w-^e"''' (l,u^) 
is the contravariant future directed normal and 

(2.14) (z.") = -w-ig-'^ (l,u') 

the past directed. 

In the following we choose v always as the past directed normal. 

Let us consider the component a = in (2.1), so we have due to (2.14) that 

(2.15) e-^'v-^h.,, = -uy - r'^oo^^u, - f - f[!,ri, - 

where Uij are covariant derivatives with respect to M. Choosing u = const, we 
deduce 

(2.16) e-'^/.y =-fO., 

where hij is the second fundamental form of the hypersurface = const}. An 
easy calculation shows 

(2.17) e~'^hij = - ijjcrij, 

where the dot indicates differentiation with respect to x° . 

Now we define the classes (K) and {K*), which are special classes of curvature 
functions; for a more detailed treatment of these classes we refer to [8, Section 2.2]. 
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For a curvature function F (i.e. symmetric in its variables) in the positive cone 
r+ C M" we define 

(2.18) F{h,,) = F{k,), 

where the Hi are the eigenvalues of an arbitrary symmetric tensor (/lij), whose 
eigenvalues are in r+. 

Definition 2.2. A symmetric curvature function F € C^'"(r+) n C°{r+), posi- 
tively homogeneous of degree c?o > 0, is said to be of class {K), if 



(2.19) = — >0 inr+, 

(2.20) F|ar+ = 0, 
and 

(2.21) F''''''mim<F^\F''m3?~F'''h''m3m ^^les, 



where F is evaluated at an arbitrary symmetric tensor {hij), whose eigenvalues are 
in r_|- and S denotes the set of symmetric tensors. Here, Fi is a partial derivative of 
first order with respect to Hi and F*^'*^' are second partial derivatives with respect 
to {hij). Furthermore (ft.'-') is the inverse of (/ly ). 

In Theorem 1.2 the in (2.18) are the eigenvalues of the second fundamental 
form (hij) with respect to the metric (gij), i.e. the principal curvatures of the flow 
hypersurfaces. 

Definition 2.3. A curvature function F £ [K] is said to be of class (K*), if there 
exists < eo = £o{F) such that 

(2.22) eoFH < F'^h.kh^, 

for any symmetric (hij) with all eigenvalues in T^, where F is evaluated at {hij). 
H represents the mean curvature, i.e. the trace of {hij). 

In the following a '+' sign attached to the symbol of a metric of the ambient 
space refers to the corresponding Riemannian background metric, if attached to 
an induced metric, it refers to the induced metric relative to the corresponding 
Riemannian background metric. Let us consider as an example the metrics gap 
and gij introduced as above, then 

(2.23) laf3=e^'^{idx'')^ + <j,j{x°,x)dx'dx^, 

3. C°-ESTIMATES-EXISTENCE FOR ALL TIMES 

Let Mr = {x'-* = t} denote the coordinate slices. Then 

(3.1) \Mr\= f e"'^(^'^y|deta„(T,x)|da; 0, r ^ 0. 

J So 

And for the second fundamental form hij of the we have 

(3.2) /.} = -e-*(Va,,+^5i), 
hence there exists tq such that is convex for all r > tq. 
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Choosing tq if necessary larger we have 

(3.3) e'f'F\M^=e^Fm)^Fi^^a'''akj-^)>~Sof'=:^ir) Vr > tq, 

where (5o > is a constant. 

We will show that the flow does not run into the future singularity within finite 
time. 

Lemma 3.1. There exists a time function = x^^x'^), so that the F-curvature F 
of the slices {i" = const} satisfies 

(3.4) e^F > 1. 

is the conformal factor in the representation of the metric with respect to the 
coordinates iSp^x'^), i.e. 

(3.5) ds ^ e'^^{-{di°f + a^J{x°,x)dx'dx^}. 
Furthermore there holds 

(3.6) x"({to < < 0}) [0,oo) 
and the future singularity corresponds to i*^ = oo. 
Proof. Define x^ by 

(3.7) i° = / ip{s)ds = ~ f eof' = eo/(To) - eofir) ^ oo, t ^ 0, 

Jto Jto 

where (p is chosen as in (3.3). For the conformal factor in (3.5) wc have 
and therefore 

(3.9) e^'F^e'>'F(p-^>l. 

□ 

The evolution problem (1.17) is a parabolic problem, hence a solution exists on 
a maximal time interval [0,T*), < T* < oo. 

Lemma 3.2. For any finite < T < T* the flow stays in a precompact set Qt for 
< t < T. 

Proof. For the proof we choose with Lemma 3.1 a time function such that 

(3.10) e'f'F > 1 
for the coordinate slices {x° — const}. Let 

(3.11) M(t) = graph u(i, •) 

be the flow hypcrsurfaces in this coordinate system and 

(3.12) Lp{t) = svipu{t,-) ^ u{t,xt) 

So 

with suitable Xt G 5*0. It is well-known that ip is Lipschitz continuous and that for 
a.e. < i < T 

(3.13) §i<t,xt). 
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From (2.15) we deduce in xt the relation 

(3.14) h,^ > hj, 
hence 

(3.15) F>F. 

We look at the component a = in (1.17) and get 

(3.16) u=^, 
where 

(3.17) 

is a total derivative. This yields 

(3.i«, 

so that we have in xt 

du 1 1 
3.19 — = < < 1. 

dt e'i'F ~ e'i'F ~ 

With (3.13) we conclude 

(3.20) <^<¥'(0) + i VO<<<r*, 

which proves the lemma, since the future singularity corresponds to = cx3. □ 
Remark 3.3. If we choose 

(3.21) ip{t) ^miu{t,-) 

So 

in the proof of Lemma 3.2, we can easily derive that the flow runs into the future 
singularity, which means~in the coordinate system chosen there- 

(3.22) lim inf u(t, •) = oo, 

t->oo So 

provided the flow exists for all times. 

4. C^-ESTIMATES-EXISTENCE FOR ALL TIMES 

As a direct consequence of [8, Theorem 2.7.11] and the convexity of the flow 
hypersurfaces we have the following 

Lemma 4.1. As long as the flow stays in a precompact set Q the quantity v is 
uniformly bounded by a constant, which only depends on fl. 

Due to later demand our aim in the remainder of this section will be to prove an 
estimate for v for the leaves of the IFCF on the maximal existence interval [0, T*), 
cf. Lemma 4.5 and to prove Lemma 4.11. 

To prove this we consider the flow to be embedded in TV with the conformal 
metric 

(4.1) (jafj = e~'^'^gai3 = -{dx^Y + <Jij {x° , x)dx' dx^ . 

This point of view will be later on also a key ingredient in the proof of the con- 
vergence results for the flow. Though, formally we have a different ambient space 
we still denote it by the same symbol TV and distinguish only the metrics resp. 
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(ja/B and the corresponding quantities of the hypersurfaces hij, gij, v resp. hij, gij, 
V, etc., i.e., the standard notations now apply to the case when TV is equipped with 
the metric (4.1). 

The second fundamental forms h\ and are related by 

(4.2) e^h:>^ ^hi+ i^^iy'^Si = - if'Sj + =def M, 

cf. [8, Proposition 1.1.11]. When we insert /i^ into F we will denote the result in 
accordance with our convention as F. Due to a lack of convexity it would not make 
any sense to insert into the curvature function F, so that we stipulate that the 
symbol F will stand for 

(4.3) F = e'^F = Fm-i,f'Sf+i'ai^''), 

which will be useful, cf. (4.5). 

Quantities like v, that are not different if calculated with respect to gap or (jap 
are denoted in the usual way. 

These notations introduced above will be used in the present section as well as 
from the beginning of Section 6 to the end of this paper. 

Due to 

(4.4) i) = e-'^V 

the evolution equation i = — -ti/ can be written as 

F 

(4.5) X = -ju. 

Lemma 4.2. (Evolution ofv) Consider the flow (4-5). Then v satisfies the evolu- 
tion equation 

i - F-^F'^i,j = -F-^F'^hkjh'li + F-^F'^Rap-^sv'^x^,x1x]v} 

- F-^F'^h,,i^api^^vP ~ F-^r^api^^u^ 

(4.6) - F-\F'h^ap^v^x^^x] + 2F'^r^apxlx^^h]) 

- F-^{-vf"\\DufF'^g,, - Vku'^ f F'^ g,, 
+ ^api^'^xlu'^F'^g,, + ^axthiu'^F'^g,,), 

where rj ~ {r]a) ~ (— 1,0,...,0) is a covariant unit vectorfield. 
Proof. We have 

(4.7) V = ijaiy'^. 

Let (^') be local coordinates for M{t); differentiating v covariantly yields 

(4.8) V, = r?,^xf z." + riaiy? 
and 

(4.9) 



+ IJaX'^hlj + TJapx'jX^hl 

As usual, cf. [8, Lemma 2.3.2], the evolution equation for the normal is 

(4.10) = gH-jhxf = -^g^'F^xf 
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and for the time derivative of v we get 

(4-11) 1 1 

Writing 

, , Fk =F'^h,,.k - Vkf'F'^g,, - if"ukF'^g,j 

4.12 « 

+ i^c./s'^'^x^^F'^g,, + ij^x'^hlF'ig,, 

and using the Codazzi equation 

(4.13) hij-k - hik-j = Rafi^sv'^xl x]xl 

we deduce the desired evolution equation for v by putting together the above equa- 
tions. □ 

We now present some auxiliary estimates which will be needed in the following. 

Lemma 4.3. Let \ \\-\\\ denote the norm of a tensor with respect to the Riemannian 
metric g^p, cf Section 2, then 
(i) 

\riai3V°'y^\ <c-D^|||77q^|||, 

(4.14) \F'^r^^p^v^x^^x]\ <cv^\\\Vo.t3^\\\F^' 9:,. 

\ll^apV°'xlu^\ <c|||77a,3|||w^. 

(ii) For any e > Q we have 

(4.15) |F'J'r;„^x^a;f/ij^| < cevF'^ hkjh'i\\\r^o.M + '^^i^ F"' 9^3\\M\\■ 
(Hi) 

(4.16) \F''R^p^,u^x^^x'lx]v}\ <cv^F'^g,j. 
(iv) Furthermore 

(4.17) \^^xthtu'\ < c\\\Dn\v^ 
in points where I'i = 0. 

Remark 4.4. These are tensor estimates, i.e. not depending on the special local 
coordinates of the hypersurface and 5*0. But to prove these estimates we sometimes 

choose special coordinates such that in a fixed point gij ~ (5^ , diagonal. 
Proof of Lemma 4-3- We have |||j^"||| < ^v, 

(4.18) 9r3<'2a,j <2i^g,j A g'^ < cv^a'^ A = v^H' 

and \\Du\\^ = ij^\Du\^. 

Proof of (i): Using these properties together with Schwarz inequality proves 
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(4.19) 



Proof of (ii): 

\\\F'^xlx^^h]\\\'' = F'^F^h^h^ g^-Ja, g^J - %, .9.^- diagonal 

< cv^ F^-' F^-' h'^ hj g^.^.gj^, gij = 5ij, hij — KiSij, F^-' ~ diagonal 

<cf;4^(^^")2(/i,,)' 



i 

<cv^{Y,F^\^hl + cJ,gu)f 



taking the square root yields the result. 

Proof of (iii): The following proof can be found in [8, Lemma 5.4.5]. Let 
p € M{t) be arbitrary. Let (a;") be the special Gaussian coordinate system of N 
and (^') local coordinates around p such that 



Ui , a = 
(5? , a = k. 



All indices are raised with respect to g"^^ with exception of 
(4.20) u' 
We point out that 



(4.21) 



\Du\\'^ = g'^UiUj = v'^cr^^UiUj = v'^\Du\ 



and 

(4.22) rj^x^g"' = -uK 
We have 

(4.23) -F'^R^p^sv^'x^^xlx^u'' = F'^ R^p^sv'^x^^xlx^r^.x'ig^^ . 
Let 

(4.24) a,j = R^p^siy"xfxlx^^r],xtg''K 

We shall show that the symmetrization ciij ^ \{o-ij + o,ji) of satisfies 

(4.25) - cv^gij < hij < cv^gij 

with a uniform constant c. We have F'-^dij — F^^aij, and assuming (4.25) as true 
the claim then follows by chosing a coordinate system such that gij = Sij and 
dij ~ diagonal. 

Now we prove (4.25). For this let er, 1 < r < n, be an orthonormal basis 
of Tp{M{t)) and let A'"er be an arbitrary vector in Tp{M{t)) then we have with 
— {e\.) that 

(4.26) |ai,A''e;A"ei| < nmax|a„e;ei| V jA^^ 

r.s ' ^ — ^ 

r 

and 

(4.27) 5.,A'-e;A^ei = ^|A'-p 
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SO that it will suffice to show that 

(4.28) max I a„ e!.e^ I < ci;^ 

r.s 

for some special choice of orthonormal basis Cr- 

To prove (4.28) we may assume Du 7^ so that we can specialize our orthonormal 
basis by requiring that 

Du 

here more precisely we had to write down the contravariant version of Du. 

For 2 < k < n, the ek are also orthonormal with respect to the metric aij and it 
is also valid that 

(4.30) cr^ju'ei =0 \/2 < k < n. 

In view of (4.22) and the symmetry properties of the Riemann curvature tensor 
we have 

(4.31) a,ju^ = 0. 

Next we shall expand the right side of (4.24) explicitly yielding 

aij =Roiajv\\Du\\^ + Raikavuju'' + Roikjvu'' 

+ RmkQvu^u'-UiU. + RmjVu'-Ui\\Du\\^ 

(4.32) _ . . _ . 2 

+ RlokjVU U Ui + RlMjVU \\Du\\ 

+ Rukavu''u^Uj + Rukjvu'^u'-. 
For 2 < r, s < n, we deduce from (4.32) 

aijel.el ^RoiOjv\\Du\\^elel + Roikjvu'^elel 

+ RuojVu'-\\Du\\''el.ei + RukjVu'' u' e^el 

and hence 

(4.34) Iflije^eil < cv^ V 2 < r, s < n. 

It remains to estimate aije\el for 2 < r < n because of (4.31). 
We deduce from (4.32) 

(4.35) a,je\ei = Ro^oji\\Du\\^{r'^e\el + Ro^kjV^^u''e\ei, 

where we used the symmetry properties of the Riemann curvature tensor. 
Hence, we conclude 

(4.36) \aije\ei\ < cv^ V2 < r < n, 

and the relation (4.28) is proved. 

Proof of (iv): Differentiating the equation 

(4.37) v^ = l + \\Duf 
with respect to i yields 

(4.38) = 2to, = 2uijU 



which implies in view of 

(4.39) vh^j = -Ujj + hij, 



14 HEIKO KRONER 

cf. Section 2, that 

(4.40) hijU^ = vhijii^ 

hence 

(4.41) 

Applying Schwarz inequality finishes the proof. □ 
Lemma 4.5. v is uniformly bounded on [0,T*) namely 

(4.42) sup V < c = c(sup{;, {N^gaf})). 

[0,T*) Mo 

Proof. We have (1.15) in mind. For < T < T* assume that there are < to < T 
and xq e 5*0 such that 

(4.43) sup sup V = v{to,xo) > 2. 

[0,T] M{t) 

In {tQ,xo) we have |1-Dm|P > jv'^, 

(4.44) <i ^ F-^F'^v,j, 

and after multiplying this inequality by we get if e > sufficiently small that 

< - F'^hkjh'yi + F''Ra,fi^sv°'x^^x'lx]u^ - F'^ h^jr^a^pv"' 

- Fi^^pu^vf - F*^'77a/37^"xf + 2F'J'77„^x^xf /ij- 

(4.45) + if"\\DufF'^g,, + Vku''- / F'^ g,, - 4>^pv''xlu'' F'^ g,, 

- tl^^xfhiu'^F'^g.j 

< _ ^J^^hkjh'^d + cv'\f'\F'^g,, + vf"\\DufF'^g,,, 

which is a contradiction if e > very small. 
Hence 

(4.46) {;(to, xq) ^ niax(sup w, 2). 

Mo 

We prove a decay property of certain tensors. 
Lemma 4.6. (i) Let (p G C°°{[a,0)), a <0, and assume 

(4.47) lim ^e^) (r) = Vfc G N, 

T— >-0 

then for every fc G N there exists a Ck > such that 

(4.48) |^(r)| <cfc|r|^ 
(ii) Let T be a tensor such that for all k Cz N 

(4.49) |||i:>''T(x°,a;)||| — ^0 as x° — ^0 uniformly in x 
then 

(4.50) Vfc6N 3,,>o y.eso |||T(x°,a;)||| <c,.|a;°|'= 



□ 
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(in) For T = (rjap) the relation (4-50) is true, analogously for |||?/a/37l||, IH^^IHj 
|||-SQ,/3-y577"|||, or more generally for any tensor that would vanish identically, if it 
would have been formed with respect to the product metric 

(4.51) -{dx^ f ^Gijdx'dx^ . 
Proof, (i) From the assumptions it follows that 

(4.52) suplf/jC^)! < Cfc. 

[a,0) 

From the mean value theorem we get 

(4 53) sup|^W|<|^W(ro)| + |r|sup|^(''^+i)| 

and therefore 

fe-i 

(4.54) sup 1^1 < ^ |r|'|^(')(To)| + |r|^- sup 

[^,M [t,to] 

hence taking the limit tq — > yields 

(4.55) \v{T)\<Ck\T\''. 

(ii) For simplicity we only consider T = (T"). Choose x € Sq arbitrary and define 



(4.56) ^{T) = \\\T{T,x)\\f = T'^Tf^-g^^ 

then we have 



+ 



(4.57) <^(i) (r) = 2r°,?^T^ +T"T^ L^^, rf 

so that one easily checks that ip satisfies (4.47) and (4.52) with not depending 
on X. The claim now follows by (i). 

(iii) The tensor T — rjap is a covariant derivative of rja with respect to the metric 
(jap. If we would have calculated this covariant derivative with respect to the limit 
metric 

(4.58) - {dx^f + a^j{x)dx'dx^ 

then it would vanish identically, as well as all its derivatives of arbitrary order. From 
this together with the convergence properties of g^p we deduce that T satisfies the 
assumptions in (ii), so that the claim follows. The remaining estimates are similarly 
proved via (ii). □ 

Now we prove a result for general convex, spacelike graphs. 

Lemma 4.7. Let e > 6e arbitrary, then there exists 5 = 5{{N,ga[3),e) > such 
that for every closed, spacelike, convex hypersurface M in the end N'^ = {x*^ > —5} 
holds 

(4.59) w<e|/'|7. 
Proof. Let p > and define 

(4.60) w = v{ef + 
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and look at a point, where w attains its maximum, and infer 

= Wi = v,{ef + \u\P} + i{eff' ~ 

(4.61) = + ~v-^h^uv^}{ei + \uf} + i{e^ j' - vH'^^}u, 

= {-hku'^e-^ - vf'u, + evu,}{e^ + \u\p} + i{e^ / - p\u\P-^}u^, 

where 

(4.62) |e| < c^lul" V m e N. 
Multiplying by u' and assuming Du 7^ we get the inequality 

< (-/' + e){e-^ + \u\P} + ef/ ~ p\u\P~^ 

(4.63) " , 

= -/ \u\P + l{ef + \u\P} - p\u\P-' < 0, 

if (5 > small, since 

(4.64) /'u < 7"^ + cu^. 

This is a contradiction, hence Du = 0. 
Since 

(4.65) (^(r) = e^(^) + |t|p, a < r < 0, 
is monotone decreasing we conclude 

(4.66) V < < (e^^-) + |._r)e-/(«), 

where Umin = inf u. Choosing 5 appropiately small finishes the proof, where we 
used Lemma 1.5 (ii). □ 

Remark 4.8. We also could have chosen 

(4.67) w = v{\u\^ + \u\P} 
in (4.60). 

Corollary 4.9. Let 5 > be small and and M be as in Lemma ^.7, then 

(4.68) F'^R^p^s'y"x^iy-'x^^ > -cSF'^g^j, 
if the limit metric aij has non-negative sectional curvature. 
Proof. We define 

(4.69) Rat^-ysiO, ■) = lim Rap-ysir, •) 

t'I^O 

and have 



{Rcfi-fsiO, •) + Rap^siu, •) - Rcfi-fsiO, ■))v''x^^v^x] 

(4.70) >F''{Rc.py5{u, ■) - Rc.(Sy5{0, ■))v^x^^v^x'^ 

> - |||F'V"xfz/'^4||| • \\\Kpyi[u, •) - i?„/3^5(0, Olll 

for arbitrary m G N and suitable Cm- Note that we used for the last inequality that 

(4.71) i?a,375(a:°,-)-^a/375(0>-) 
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satisfies (4.49). □ 
We want to formulate tlie relation of the curvature tensors for conformal metrics. 
Lemma 4.10. The curvature tensors of the metrics gap, gap o,re related by 

e~'^'^Rap^5 =RaPjS — ga-ri'pS " [jpS'tpaj + SaS'tpPj + gp^'i'aS 

(4.72) + gajTppi'S + gpS-ipa^-f - gaS'ipp'ip-f " 5/37^aV'5 

+ {dasgp-y - ga-fgpsjWDipW'^. 

Now we are able to prove the following lemma which is necessary for the C^- 
estimates in the next section. 

Lemma 4.11. There exists a constant c > such that we have for the leaves of 
the IFCF 

(4.73) F'^Rapj5i>"xfiy-'x^^ > £|/'pe"''^ 
provided 

(4.74) -e<infx"<0, 

Mo 

where e ~ e{N,gap)- Here F^^ is evaluated at hj. 
Proof. In view of the homogeneity of F we have 

(4.75) F^ = Fl 
hence 

(4.76) F'^ = e^'^F'^. 
We have due to Lemma 4.10 

e^'^F'^Rap-ySi'"x'^i'^x^j 

(4.77) =F'iRa0^siy"x'^iy^x^^ + F'^ x^^i^ps - F'^ g,,^a^iy"iy^ 

- F'^x^x'^i^p4>s + F'^g.,i^aV^7^"i^^ + F'^g,,\\Di>\\\ 

Wc have 

(4.78) t,j<2a,j <2i^g,j. 

Now we estimate each summand in (4.77) separately with the help of the Ricm- 
manian background metric gap, namely 

(4.79) \F'^Rap^sv''x^iy'>x^j\ < cij^{F'^F^ dj.j)^ < cv^F'^a,, < cv^F'^g,,, 

(4.80) F'ix^^x'^i,ps = F'^u^ujf" + F'^^ x^ x'^^jps > F'^u.u.f" - cv'^F'^g.^, 

, , -F'^g^.i^a^v^i^'^ = ~v^F'ig,,f" - F'^ g^^tPa^u^i^'' 

(4.81) 

>-i^F''g,,f -cv^F'^g,,, 
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-F'^x^x^^rPpi^s - -F'^u^uji^o + f'f- F'^iP.iP, - 2F'^u,i,,{iPo + /') 
>-F'^u,u,{i,o + .f'f-c{l + \f'\\Du\)F'^a,j\DtP\ 

(4.82) 

> -F'^u,Wj(^o + / - c52(l + 1/ \\Du\)F'^g,j\Di,\ 



> 



-F'^u,u,{i;o + .fy-c\f li'F^'g,, 



where jlJi/'P — cr'^ ViV' 



(4.83) F'^g^ji^^^b.^iy'^,,^ > i'ii^o + f rF''9^3 - ci'\f \F'^g,,, 

F^^g,, \\Di,\\' = -(/'+ ^ofF^'g.j + <T''^P^^jF^'g,, 

(4.84) 

>-(/ +iJofF'^g,j-cF'^g,,. 
Thus we conclude (using UiUj < (u^ — l)gij) 

e^^F'^R^p^5i>"x^i)^x^j > - cv^F'^g,, + F'^u.uj" - f" F'^ g,, 

(4.85) ' ' , ' 

+ (tPo + f'fF'^{i^g,j - u,uj - g,j) 

> _ cv^F'^g,j - v\f"F''g,, - c\,f' \v^F'' g,,. 

Now, the clami foUows with Lemma 4.7 if 7 > 1, cf. (1.8). 

Let us now consider the case 7 < 1. Due to assumption the hmit metric aij 
has non-negative sectional curvature. Now we use Corollary 4.9 to bound the 
first summand of the right side of (4.77) from below by the term — cF'-'g^ , one 
easily checks that this term replaces the summand with in (4.85) completing the 
proof. □ 

Remark 4.12. Lemma 4.11 is also true for general convex, spacclike graphs over 
5*0 in a future end of iV, we did not use in the proof that the hypersurfaces are flow 
hypersurfaces of the IFCF. 

Before wc consider the C^-cstimatcs in the next section we show that N satisfies 
the timclike convergence condition with respect to the future. 

Corollary 4.13. Lemma 4-11 remains valid, if we replace inequality (4-73) by 

(4.86) Ro.pi>"i>^ >c\f'\\-^^ 

Proof. We substitute F*-' by g'^^ and F'-' by g'-' in the proof of Lemma 4.11. The 
proof even simplifies, since we have the estimate 

(4.87) \g'^Ro.p^s'^"x^iy''x'j\ = \Ra,pv^vP\ < cv^ 

especially the assumption, that the limit metric try has non- negative sectional cur- 
vature in case 7 < 1, is not needed. □ 

5. C^-ESTIMATES-EXISTENCE FOR ALL TIMES 

In this section we consider to be equipped only with the metric gap and will- 
-for simplicity-apply standard notation to this case, i.e. no " is written down. In 
the next section we will go back to the notation of the previous section until the 
end oft this paper. 
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Lemma 5.1. The following evolution equation holds 

(5-1) i (j) ^F'' {j)^^ = -^.P'^h.^h] - i^F-i?„,,,."xf .-xf. 
Proo/. cf. [8, Lemma 2.3.4]. □ 

Lemma 5.2. Assume (4.74), then 

(5.2) F>infF 

Mo 

as long as the flow exists. If in addition the IFCF exists for all times, there even 
holds 

(5.3) F > Coe(T+^)* 
with Co = co{Mq) > 0. 

Proof. Wc define 

(5.4) ^{t)^MF 

M{t) 



and infer from Lemma 5.1 



2 

p. p. 



(5.5) 

hence using Lemma 4.11 we deduce 

(5.6) m > 

especially (p{t) > for a.c. < t < T* . 

If the flow exists for all times, wc know from Remark 3.3 that the flow runs into 
the future singularity 

(5.7) lim inf u(t,-) = 0. 

t—^OD 

A careful view of the proofs of Lemma 6.1 and Theorem 6.2 shows that everything 
needed there is available at this point, so that we infer from (5.6) 

(5.8) ^(t) > 5^6""/ 
and 

(5.9) > ce2(^+^)* 

dt 

for a.c. t > and a positive constant c > 0. This implies 

c 



(5.10) vitr > + 7;r-T-y^^^^' 1) 

2(7+ ;r) 



for aU t > 0. □ 
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Remark 5.3. Due to [8, Lemma 1.8.3], and the remark at the beginning of Sec- 
tion 3; especially inequality (3.2), for every relative compact subset D, oi N lying 
sufficiently far in the future of N, i.e. | infsia;°| close to 0, there exists a strictly 
convex function x G C'^(^)) this means 

(5.11) Xq/3 > cogais 

with a constant cq > 0. 

Lemma 5.4. The following evolution equation holds 

(5-12) X - ^F^'Xrj = -fxa^^" - ^F'^xcpxtx^^ 

Proof. Direct calculation. □ 

Lemma 5.5. The following evolution equation holds 



(logF) - _^^^^(logF),, =—F^'^h,kh'^ + -^F^^R^p.sv'^x^^v'^x] 
(5.13) ^ t t- 

Proof. Use Lemma 5.1. □ 
Lemma 5.6. The following evolution equation holds 

(5.14) 

- j^F'''Vo.f3yX^x],^'- ~ —F'm^p,sy''x^xlx%xlg'^\ 
where (rja) = e'^'(— 1, 0, 0). 

Proof cf. [8, Lemma 2.4.4]. □ 

Lemma 5.7. Let G N be precompact and assume that the flow stays in for 
< t < T < T* , then the F -curvature of the flow hypersurfaces is bounded from 
above, 

(5.15) 0<F<c{Q). 
Proof. Consider the function 

(5.16) w = \ogF + Xv + fix, 
where A, ^ > will be chosen later appropiately. Assume 

(5.17) w{tQ,xo) = sup sup w 

[0,T] A/(t) 
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(5.18) 



with < to < T , then we have in {to,xo) 
<w - ^F'^w,, 

< eo(^ - 1)« + ^F^'9., + c(m + X)j - co^F^'g^,- 

Now wo choose A > 2 arbitrary and fj, >> 1 large and wc deduce that is a priori 
bounded from above in (to, a^o) from which we conchide the Lemma. □ 

Let C N he precompact and assume that the flow stays in fl for < t < T < 
T*, then there exist-as we have just proved-constants < ci(fi) < C2{fl) such that 

(5.19) Clin) < F < C2in) 

(concerning the lower bound we proved even more, cf. Lemma 5.2). It remains to 
prove that there also holds an estimate for the principal curvatures from above 

(5.20) < C3{n), 
yielding 

(5.21) < C4(f2) < < C3{n) 
due to the convexity of the flow hypcrsurfaces and (5.19). 

Lemma 5.8. The mixed tensor satisfies the parabolic equation 

H ^F'^Kki = -F-^F^'Kuhm + ^K^h-^ + U'^hi 
1 ... 2 2 



(5.22) - ±F'^'R^fs^sx'^x^,x^yih^^g^^ - ±f'^^ R^p^sx'^x^,x]xfh^' 

- j^^F^'Rc.p^^v'^xlv^xfhl + |i?„^^5i^"xfj.^x^g™^ 

+ j;:iF^'R^f3-,8;. [v^xixlxtxl^g^^ + v^x^^xlxtxlg^^^] . 
Proof, cf. [8, Lemma 2.4.1]. □ 

Lemma 5.9. Let d N be precompact and assume that the flow stays in for 
< t < T* , then there exists c^iyi) such that 

(5.23) Ki < C3{n). 
Proof. Let tp and w be defined respectively by 

24) = sup{h,Xr]3 : \\t]\\ = 1}, 

w = \og(f + Xv + ^x. 
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where A, /i are large positive parameters to be specified later. We claim that w is 
bounded for a suitable choice of A, /i. 

Let < T < T*, and xq = xn{to), with < to < 2", be a point in Af(to) such 
that 

(5.25) supw < sup{sup w : < t <T} = w{xo)- 

Mo M{t) 

We then introduce a Riemannian normal coordinate system (^*) at xq € Af (to) such 
that at xq = x(to,Co) we have 

(5.26) gij = Sij and (p = /i". 

Let fj = ijf) be the contravariant vector field defined by 

(5.27) ^ = (0,...,0,1), 
and set 



(5.28) ^=1^Z^^. 

(p is well defined in a neighbourhood of (to,^o)- 

Now, define w by replacing if hy (p in (5.24); then w assumes its maximum at 
(to,^o)- Moreover, at (to, Co) we have 

(5.29) ^ = 

and the spatial derivatives do also coincide; in short, at (to, Co) ^ satisfies the same 
differential equation (5.22) as ti". For the sake of greater clarity, let us therefore 
treat like a scalar and pretend that w is defined by 

(5.30) w = \oghl + \i + lix- 

W.l.o.g. we assume that /i, A and are larger than 1. 

At (to, Co) we have w > and in view of the maximum principle, we deduce from 
(5.22), (5.14), (5.12) and (5.19) 

A H u 
<chl + cXF'^g.j - -eoi>— + /ic - c^-^F'^ g,, 

(5.31) , 2 1 

+ ;^F^^(log/^::).(log/^::), - J^F-F^ + -—^F^''^^hu;nhrs-,g-\ 

Because of [8, Lemma 2.2.6] we have 

(5.32) F ' hi^i-jihfg-ji ^ F {F hij-ji') '7~F hin-^jihjn-n 

so that we can estimate the last two summands of (5.31) from above by 

(5-33) - -^j^^F^'ihl^^ + mK;, + Rj): 

here 

(5.34) — Rq^^^^V X^X,^ Xj^ — ^^m;n ^nn-^i 

denotes the correction term which comes from the Codazzi equation when changing 
the indices from hin-n to hnn-i- 
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Thus the terms in (5.31) containing derivatives of are estimated from above 

by 

Moreover Dw vanishes at i-G-j 
(5.36) „ 
Hence we conclude from (5.31) that 



(5.37) ^ ^ '''^ ^ 
<ci/i^ + C2\F'^gij - Aca/i^ + /1C4 + fi—F'^^gij ~ cofiF'-'gij, 

where Ci, z = 0, 5, are positive constants and the value of cq changed. We note 
that we used the estimate 

(5.38) F'^ RjTia^x'^h'y < cF, 

which can be immediately proved. 
Now suppose /iJJ to be so large that 

and choose A, /i such that 

(5.40) — C3 > Ci and ^co/i > C2A 

yielding that estimating the right side of (5.37) yields 

-C3/^"-- 

2 " 4 

hence /i" is apriori bounded at (to, Co)- D 



(5.41) < --c.h^^ - ^AiF^^ff,, + /iC4, 



Remark 5.10. Now all neccessary apriori estimates are proved so that we can 
deduce existence of the flow for all times in the usual way. In view of Remark 3.3 
the flow runs into the future singularity. 

The latter property can also be proved as follows. Using Lemma 5.2 and F < H 
we infer 

(5.42) 00 < — inf i^^ < inf as t — > 00. 

M(t) M(t) 

The timelike convergence condition with respect to the future, cf. Corollary 4.13, 
together with 

(5.43) lim inf H = 00 

t-s-cx) M(t) 

implies that the flow runs into the future singularity. To see this we argue as in the 
proof of [9, Lemma 4.2]. 
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6. C°-ESTIMATES-ASYMPTOTIC BEHAVIOUR OF THE FLOW 

From now on until the end of this paper we go back to the notation introduced 
in Section 4 and consider the flow as embedded in (TV, (jais), i-e. standard notations 
apply to this case. 

We prove that the flow runs exponentially fast into the future singularity, which 
means more precisely that there are constants ci , C2 > such that 

(6.1) - cie"'^* < M < -cae"'^*. 
The first step for this will be the following Lemma. 

Lemma 6.1. Let u he the scalar solution of the inverse F- curvature flow, then for 
every < A < 7 there is c(A) > such that 

(6.2) |ue^*| < c(A). 
Proof. Define 

(6.3) tp{t) = inf u{t,x) 

x^So 

and 

(6.4) w = log(-(^) + \t. 
In Xt we have, we remind that /i.^ — ~Uij — ^CTij, 

F =F{hi.j - vf gij + 'ipaV°'gi]) 
<F{cgij - f gij) (where c> 0) 

(6.5) 

= (c-/)F(g,,) 
=n(c-/') 

and 

du 1 

w;=^ + A = ^ + A = — + A 

(6.6) ^ ^ 

< — -f FT + ^ 

nu{c - f ) 

cf. (3.13). Now we observe that the argument of / is u and 

(6.7) lim inf u{t, x) ^ 

t— >-oo xGSo 

because of Remark 5.10. On the other hand 

(6.8) lim /'u = = — , 

t^-oo ' 717 

in view of (1.31), and we infer 

(6.9) . ^ ^ -7, 

nu{c - f ) 

hence w(t) < for a.e. t > t\, t\ > suitable. 
Therefore, we deduce 

(6.10) w < w{tx) Vt > tx, 
i.e. 

(6.11) -Me^*<c(A) VteK+. 
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□ 

We are now able to prove the exact exponential velocity. 
Theorem 6.2. There are constants ci,C2 > such that 

(6.12) - ci < u lie'^* < -C2 < 0. 
Proof, (i) We prove the estimate from above. Define 

(6.13) (p(t) — sup u{t,x) 

xeSo 

and 

(6.14) w = \og{-ip) + jt. 

Reasoning similar as in the proof of the previous lemma, we obtain for a.e. t > to, 
to sufficiently large, 

w > — -. T77- + 7 (where c > 0) 

nu{-c- f ) 

(6.15) - cnj 

nu[-c- } ) 

>cu, 

where c is a positive upper bound for the fraction; note that this fraction converges 
due to the assumptions, cf. (1.31). 
The previous lemma now yields 

(6.16) w >cu> —cc\e~^* a.e. t>t\ 

for any < A < 7. Hence w is bounded from below, or equivalently, 

(6.17) u<-C2< 0. 
(ii) Now, we prove the estimate from below. Define 

(6.18) if{t) = inf u{t,x) 

xeSa) 

and w as in (6.14), then we obtain analogously that 

(6.19) - ci < u. 

□ 

Lemma 6.3. For any A: G N* there exists Ck > such that 

(6.20) \f^'^ < c,e''''\ 
where /^'^^ is evaluated at u. 

Proof. In view of the assumption (1.10) there holds 

(6.21) < Ck\f'\' - c,|/Y«'rt'=^'. 

Then use (1.31) and the preceding theorem. □ 
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7. C^-ESTIMATES-ASYMPTOTIC BEHAVIOUR OF THE FLOW 

In Section 4 we proved that v is uniformly bounded for all times, cf. Lemma 4.5. 
We recall that 

(7.1) u = ue^K 

Our final goal is to show that Hi^Mp is uniformly bounded, but this estimate 
has to be deferred to Section 8. At the moment we only prove an exponential decay 
for any < A < 7, i.e., we shall estimate ||Du||e'*'*. 

We remember that we have 

(7.2) F = FChj) = Fie't'hl) = F{hi ~ vf'Sf + i^a^u^Si). 

We need in the following a slightly different estimate from the one in (4.16). 
Lemma 7.1. 

^''■^^ ^iF''^Rrfi^iv!-x^^x1x]u\ 

With the help of the boundcdncss of "D, cf. Lemma 4.5, we prove the following 
estimate. 

Lemma 7.2. There exists e > and a constant such that 

(7.4) \\Du\\e'' < c 
Proof. We have 

(7.5) v"^ = l + \\Duf. 
Taking the log yields since v is bounded 

(7.6) \\Du\\^{l - ciWDuf) < 21og^ = log(l + \\Du\\^) < \\Duf{l + ci\\Duf), 

where ci is a positive constant, i.e., it is sufficient to prove that log we^*^* is uniformly 
bounded. 

Let e > be small and set 

(7.7) ^ = logve^'\ 
then if satisfies 

(7.8) if - F-^F'^if,j = i(5 - F-^F'^d,j)e^'' + F-^i^F'^v.v^e^'^ + 2eip 



hence (cf. Lemma 4.2 ) 



(7.9) 



F\-^'\ip - F-^F'^^,,) = - F'^hk^hl + ^F'^R^p^sy'^x^^ x'lx'^v} 

- iF^'K^ri^py'^v^ - iFri^py'^v^ 

V V 

- ^F^'Tj^p^iy'^x^x] - iF'^r^^pxlx^^h) 

V V 

+ f"\\Du\\^F'^g,^ + hkU^/F^'g,^ 

V 

- il^^pv'^xlu^^F'^g,, - Uo.xThiu'^F'^g,^ 
+ F'H',v ~ + 2eF^ log v. 
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For T, < T < oo, assume that 

(7.10) sup sup LP = (/3(io, a;o), 

[0,T] M{t) 

where < to < large, xq £ Sq. 

Applying the maximum principle we deduce in (tg, a^o) using Lemma 4.3, Lemma 
4.6 and Lemma 7.1 that (note that u = ue^* is bounded) for to large and e > 
small. 

< - l^F^^h,,h'^ + cu'F^^g.,, + c\u\\\Du\\F^^g,, 

+ c\\DufF'^g,, + + ce|/'p log«F^^ff,„ 

here we used that we have 

(7.12) < ciF'^h^kh^ + If'l^F'ig,,) 

due to eoF'^ < F'^hkjh^, cf. Definition 2.3. 

The logw in (7.11) can be estimated by c||L)u|p yielding 

(7.13) < - ^F'^hk^h'^ + cu^F'^g,, + \\Du\\^F'^ g,,, 

where we have chosen e > small and assumed that to > large. 
Hence in (to, a;o) 

(7.14) if = logwe^^* < c\\Du\\^e^'' < ^e^^* < c 



□ 



Lemma 7.3. (Evolution of u) 

ii - F-'^F'^u,j = 2F-^i + F-'^a'^f F'^gij ~ F-^vtPo.v" F^^ g,j - F-^F'^h 
Proof. The claim follows from the three identities 

V 

u = — 
F 

('''■15) y^^- = —Vhij + hij 



□ 



-F'^^h^j = -F~if F'^g,^ + ^^v^F^'g, 

Lemma 7.4. For any < A < 7, there exists c\ such that 

(7.16) \\Du\\e^^<cx. 
Proof. Define 

(7.17) ^ = iogv-^^\u\^-\ 

with < e < 1 arbitrary and /i >> 1 chosen appropriately later. The interesting 
case is, when e is close to 0. 



(7.18) 
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Then satisfies the following evolution equation, cf. Lemma 4.2 and Lemma 
7.3, 

- F-^F'^^,, ^^{i - F-^F'=i,j) + - F-^F'^u,,) 

= - F-^F'^hkjh'^ + ^F-^F'^R^p^su'^x^^xJx^u^ 

- iF-^F'^h^.T^^pv^vf" - If-^t^^pv'^vP 

V V 

- If-^F'^i^^p^v'^x^^x'I + iF-^F'^r^^pxlx^^h] 
+ F-\f"\\Du\\^F'^g,, + ^F-^ikU^fF'^g,, 

- F-'^^o^py'^xlu'^'^F'^g,, - ^F-^^^xthiu'^F'^g,, 
+ (2 - 6)m|«P-)^ + (1 - '-Mu\'-'F-^i^f'F''9^, 

- (1 - '-)^i\u\'-'F-^ii^^v^F^'9^3 

- (1 - '-Mu\'-^F-'F^rh^, 

+ F-^F'Jf,^^} . J_ + (1 _ _ e)^JL\u\-'F-^F'lu,u, 
= RHS. 

□ 

We will show 

(7.19) < > 0. 

Assume that this is not the case. Let <o > be minimal such that 

(7.20) sup^(to,-) = 

So 

and xq G 5*0 such that 

(7.21) ^(io,a;o) = 0, 
which implies that in (to,a:o) the RHS in (7.18) is > 0, 

(7.22) \\\Dur>\ogi=l^\ur^ 
for > large (which implies large) and 

(7.23) i,^-[l-^-)^lv\u\^-'u,. 

We now show that RHS in (7.18) is negative, if is sufficiently large, which can 
be guaranteed by increasing /i accordingly. 
We use 

(7.24) F < \u\'-^SF^^h,kh'; + T^F^'g,, + i\f'\F^^g,, 
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where /? > is chosen according to Lemma 7.2 such that 

(7.25) \ogv <c\uf 

and (5 > is small, c{5) also depends on the upper bound of ji/'a'^"!- 
We find 

<F^{RHS) 

< - IP'^hkjh'i + c\\DufF'^g,j + cfi\u\F'^g,j + f" fi\u\^-'F'^ 
+ {l-i)^,\ur\\Duf{^+cu')r^g,, 



(7.26) 



c{d) 

h 



+ (2 - e)t,\u\'-^mu\'-^SF^^Kkh'] + T^F^'9^, + v\f'\F''g^j) 



(f - -)^,\u\'-^i^f F^^g,, + 2(f - -fii\ogv\u\~^\Du\'F^'g,._ 
e 



+ {l--)^Ji{l-e)\u\-^\Du\'F^^g,, 

<^\u\-'{-l + c\\Du\\ + (f - ^)^2 + c^\u\' + c\uf)F'^g,j 
7 2 

<0, 

where we have chosen ^ large (=^ large). Here we used 

(7.27) \f' u~'^\<cu^, \\.f"\u^ --\\<cu^ 
and 

(7.28) /x=^<2|ur-^ 

8. C^-ESTIMATES-ASYMPTOTIC BEHAVIOUR OF THE FLOW 

F grows exponentially fast in time, more precisely we have the following 
Theorem 8.1. The estimate 
(8.1) F > ce'^* 

is valid, where c > depends on Mq. 

Proof. Use Lemma 5.2 (note that wc used a different notation there) and (4.3). □ 
For later purposes we obtain an evolution equation for F. 

As usual we have (we remark that in our case the evolution equations are the 
same as in [8, Lemma 2.3.2, Lemma 2.3.3], see also (7.15)) 



(8.2) 





H- 










F^ a 
J^2 




V 




jVc.pi^'^y^ - g'= 


F, 


ii 


V 

~F 






9ij 
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and, furthermore, since 

(8.3) F = F{hl) = F{hl - if' Si + i^aiy'^Sl) 
we infer 

(8.4) f = f;M, 

and finally 
Lemma 8.2. 

(8.5) +^7^^pi,"vff'F'^g,, - l.i^f"F'ig,, + 1^ / F^u'^ F^' g,, 

-^^^^py'-vPrig,, + l^^b^xtF'^F^^g,,. 

In the following lemma we prove the important evolution equation for the second 
fundamental form (/if). 

Lemma 8.3. 

hf - F-'^F'^hf.,^^ = -2F-^F^Fi + F-^h^-'Ki + F'^ Ra,p.,5V°'x^i xlg''^ 

- F-^F'^KjKh'i + F-^F'^h.jhaih'''' + 2F-^gP''F'^ R^p^sx'^xPxJx^ih] 

- F-''F'^R^p^sxZx^^x]x]h"^^ - F~^gP^F'^R^p^sx'^x^^x';x]h\ 

- F-^F'^R^p^sv''x^^u^x]h'l + F-^gP'^F'^R^p^su'^xly^x^iK, 

+ F-^gP''F'^R^p^S;ei^^x^pX]xfx'^ + F-^gP''F'^R^^^s-e>^'^x^x]xlx'i 

(8.6) +F-^gP''F'^^^'h,,,phrs;i 

+ F-^F'^g,,{-uiu'if"' + g-P'^^^fi^v'^xlxl + i^o.p^'^u^h'l 

+ gP^i^o.^x'^X^hl + ^„^X>f + ij^v'^hirK'^ + iJaX^h%) 

+ F-^F'^g,,{~^gP'^f'r^^p,v"xPx1 - g^'' / rj^^x'^x^^h^ - / Vc^i^'^'^^ 

- f'vapx^xfh'-'' - fhrih^-'^i + fu^hl, + /u^g'^PR^p^sy^^x^pXlxf 

- /'{v'^ui + iiu") + f'i^hf + /'ir^^pxTx^.g'-"). 



Proof. The starting point of the proof is the equation for hj given in (8.2), which 
contains the summand 

(8-7) = ^Fl- ^FF^. 

To finish the proof, we only have to calculate the covariant derivative in detail. 
Deriving the purely covariant version of this tensor we first get 

(8.8) Fki = F'^h,,ki + F'^^^'h,,,khrs,i, 
then hij;ki will be expressed as 

(8.9) hij-i^i = hij-ki + additional terms 

and interchanging indices in the usual way (which is technical using the Codazzi 
equations and the Ricci identities, cf. the proof of [8, Lemma 2.4.1]) leads to the 
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representation 

(8.10) hij-ki — h^i-ij + additional terms, 

with different additional terms. □ 
We already know the estimate 

(8.11) -c|/'|<«;„ 

c > 0, because of the fact that the ki are positive, remember ki = Ki — vf + V'a'^"- 
Now we prove an estimate from above. 

Theorem 8.4. We have 

(8.12) Ki < c. 
Proof. Let (p be defined by 

(8.13) f = sup{h,j7f7f : \\f]\\ = 1}. 
We shaU prove that 

(8.14) w = logip + Xv 

is uniformly bounded from above, if A is large enough. 
The proof is devided into two steps: 

(i) There is a /i > such that if a maximum of io|[o.t] (where < T < cx3 
arbitrary but fixed) is attained in (to,a;o), < to < T, xq € So, then there holds in 
{to,xo) 

(8.15) h^<fi\f'\ 

(h^ denotes as usual the largest principal curvature). 

(ii) Secondly we prove that 

(8.16) < c 

in (to,xo), where, without loss of generality, we may assume that to is large. 

Now we prove (i) by contradiction. Introducing Riemannian normal coordinates 
around {to,Xo) and arguing as usual, i.e. second derivatives of ip with respect to 
space and the first derivative with respect to time coincide with the corresponding 
ones of /i", furthermore gij = Sij and is diagonal, we may assume that w is 
defined by 

(8.17) w = log/i,'J + Aw. 

Moreover, we assume h^^ > | in {to,xo), where fi is large and will be chosen 
later. Applying the maximum principle we obtain 

(8.18) <w - ^F'^w,j. 

r " 

in(to,a;o)- 

Using F = F^i'hij and F G (K*) we have, cf. Definition 2.3, 

eoFH < F'^hfhkj = F'\h,f < F"{hu + i\.f'\g,. + ^c.i^"5«.)' 

(8.19) < (1 + e)i^"4 + 2i\f'\F'^h,, + i^lf'l^F'^^g,, + c,\uW 9^3 
<{l + e)F"hl + 2v\f'\F, 
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where e > 0. In view of 

(8.20) hl = hl-vf' 

we infer 

-(1 + e)F"4 < -eoFi? + 2{)|/> 

^FK + 2i\/\F 

'■^^^ ' |/.F|/'|+2^|/'|. 



where we assume that /i is large; hence there is (Sq > such that 
(8.22) - F'^h^kh^ < -5oFhl 



< 


-1™ 






< 








< 









in (to,xo)- 

In {to, Xq) wc have 



(8.23) hl^, = -Xi^hl 
and in view of (8.18) 

(8.24) < ■1(A:J - F-'F^^K,,^ + A(5 - F-2^'^,^,,) + ^F^^v^v,. 

Muhiplying this inequahty by F'^ , inserting the evolution equations for /i" and w, cf. 
Lemma 8.3 and Lemma 4.2, as well as some trivial estimates yield (no summation 
with respect to n) 

< - 2^F-'F"F,, + 2FK + ^F+ ^F'^^^%,,nhrs-n 

(8.25) + c|/'|iF'Jgy + f" F'^ g,, + \\u\F'^ g,, 
-^vF^^hl^X'F^'v.v,. 

We remark that wc have estimated the term arising from the second term in the 
second line of equation (8.6) together with two other terms arising from (8.6) by 
employing the homogeneity of F, namely, F = F^^hij — vf F^^ gij + ipav" F^^ gij . 

Terms arising from the two terms in (8.6) depending linearly on the derivatives 
of the second fundamental form are first rewritten with the help of the Codazzi 
equation (the correction terms can be estimated very easily) such that we obtain 
the derivative of /i". The resulting terms can be estimated as follows: 

(8.26) -^t^^x^h^'^F'^g,^ < Xc\u\F''^ g,^ + M'^x^u^h^^ F'^ g,^ 

for the first term, where we used 

(8.27) = ■qapv'^x'l - Urh\, 
with {rja) as in Lemma 4.2, cf. also Lemma 4.6, and 

(8.28) l.f'u^hl^^F'^g,, - -\f' u^i^F'^ g,, 

for the second one. Both last summands in the previous inequalities appear among 
the terms coming from the evolution equation of v with opposite sign. 
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Since F e (K) and homogenous of degree 1 we deduce from [8, Lemma 2.2.14] 
that F is concave, hence [8, Proposition 2.1.23] imphes 

(8.29) F'^''-'{Ji,,)h,.^Ks;n < 0. 
Together with 

(8.30) F^^v.Vj < c\u\F''^g,j + c\\Du\\^ F'^ h.kh'^ 

(which foUows by using ||a; — < 2j|a;|p + 2||yj|^, here || • || is the norm induced 
by the quadratic form F*^ ) we conclude 

<2FK + i^F + clf'f^F^'g,, + f" F^^ g.,, + cXMF'' g^3 

(8.31) 

- -^v5,FK. 

For A > large we get a contradiction, which finishes the proof of (i) . 

Wc now prove (ii). From (i) we deduce that the largest principal curvature of 
M{t) is bounded by ce''* for all t>Q. Combining this with Lemma 8.1, namely, 

(8.32) < Co < F{e-'''h)) = F{e^^*{h) - i/S) + ipa'^°'S'jj), 

we infer that e~'^*hj lies in a compact subset of r_|_ for all t > 0. Hence we have 
constants c, ci, C2, ci, C2 > (not depending on to or T), such that for all times and 
especially in {tQ,xo) 

(8.33) - ce'* < Ki < ce^* A cie'* <F< C2e<* A < cig.j < F'^ < C2g^j. 

We again look at (8.24) multiplied by F^ in (to,a;o). We assume that is large 
and will show that it is a priori bounded. We have 

(8.34) < -c,{Kf 
and furthermore 

< 2Fhl + ^F + A|/'|iF'^5.y + /'v^F^'g,, - ^F'^Kuh^v 

(8.35) 

< eF^ + c,{hlf + A|/'|iF'^g,, + fi^F^^g,, - \c,i{Kf 



e > small; we remember 

(8.36) /" < ^ce^'^K 

If A is sufficiently large and tg sufficiently large we get a contradiction. □ 

Lemma 8.5. 

(8.37) sup max \K,iu\ t ^ go. 

M{t) * 

Proof. We remember that 

(8.38) F = F{^) = F{y^ - if 51 + ^„z.",5^') = F{k, - if + ^„z."), 

where the arc the eigenvalues of hi , now numbered such that k„ is the smallest 
one. 



34 



HEIKO KRONER 



The function </? = —uF satisfies the following parabolic equation, cf. Lemma 8.2 
and Lemma 7.3, 



1 s 



5.39) 



^-F-'F^^^.,, = j^F^'F.F, - -F^'h!lhkj - -F^'^Rc.p.si^'^x^ly^x-^ 
- ^f'^Upi^'-^^F^'g., - ^f'F'ukF^^g,, + |«V"f'^5., 



For t > wc define (p{t) — inisa fit, •) and choose Xt € 5*0 such that 
(8.40) ^(t) = ^(t,xO, 

then (f is differentiable a.e. and we have 
(8.4f) <p{t) =ip{t,xt) 

for a.e. t > 0. 

Let to > he sufficiently large, then combining (8.39) and (8.41) and using 
LPi = yields 

m > - jF^^h!lh,, + Sf"F-g^, - 
-2i- ^F^^g,, 

for a.e. t > to, where Co = co(io) and the right side is evaluated at {t,Xt). Due to 
the assumptions on / we may furthermore assume that for all t > to the following 
inequality holds in {t,xt) 

(8.43) ly^/'F^^g,, - ^f'F''g^, > 2« - J;F''g^J, 
which leads to 

(8.44) m > - jF^^h^h,, - 2^F^^g,, 

for a.e. t > to in view of (8.42); again the right side is evaluated at {t,xt). 

We assume that (8.37) is not true, then there are sequences < tk ^ oo, Xk & So 
and a constant ci > such that 

(8.45) sup maxKiM = Knu\(^t^,x^) ci, 

M(*fc) * 

which implies 

limsup(^(tfc) < f^(-y +7-i,7-i,...,7-i) 

(8-46) <F{r'~r,...,r'~r) 

=■■ c(r), 

for r > sufficiently small and fixed from now on. 

Next, we will show that, after increasing to if necessary, there exists S > such 
that the following implication holds for a.e. t > to 

(8.47) (f{t) < c(r) ^ >f{t) > d 
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in contradiction to (8.46). 

For that purpose assume to to be sufficiently large. Let t > to be such that (p is 
differentiable in t and (f{t) < c{r), then it follows from (8.38) that we have in {t, xt) 

(8.48) \u\Kn + v\f'u\ + \u\ij^iy" < -r + 
i.e. 

(8.49) < 

2\u\ 

Hence, we infer from (8.44) 

(8.50) ^(t)>_^_2|F-5,-. 

After a possibly further enlargement of to wc get a positive lower bound for the 
right side of the last inequality that does not depend on t, thus the desired (5 > 0, 
which completes the proof. □ 

Now we are able to prove a decay of 

Lemma 8.6. For any < A < 7 there exists c\ > such that 

(8.51) P||e^*<c^. 

Proof. Define (p = ^\\A\\'^e'^^* with < A < 7, then 

.52) e'2^*(^ - j^r^^.,) = -j^F^'h^^^ki, + m l^F'^^^h^ + \\\Af. 

Let < T < 00 be large, and xq = XQ^to), with < to < T, be a point in A/(to) 
such that 



(8.53) sup ip < sup{ sup (p : <t <T} = p{xo)- 

Mo M{t) 

From Lemma 8.5 we know that 

(8.54) sup||A|||it| — >0 as t — ^00 

M{t) 

so that especially in view of the homogeneity of F 

(8.55) < ci < F'{k,) <C2 A \F''\k,)\ < ce-''* 

(first and second derivatives of F considered as a function on r+ ) . In we have 
due to (8.52) and Lemma 8.3, after multiplication by F^ and some straight-forward 
estimates, 

< - F^^h).j^h:'^.i - 2F-^F'Fjhl + 2Fh'''hrjh{ + F'^'''''h,j,phrs;phPP 



+ c\f'\'+^A\\+c\f'\-^\\Ar + i^f"\\ArF^^g.,+XF^Ar 
5.56) 1 

2 

+ c\f'\i\\A\\^ + XF^\\A\\^ 



< -F^h^^Ji, + v^fWAfF'^^g,, + cFWAfWAW + c\f'\'+^\\A\\ 



For the last inequality we used that in local coordinates (such that gij— Sij, hij 
diagonal and F*^ diagonal) 

(8.57) \F,F,\<cY,\hkl■,^\' + c\\Ar\f'\^ +c\f'\^+\ 

i.k.l 
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where we used Lemma 7.4, and where < e < 1 is arbitrary but fixed, so that 

(8.58) ^^-iF'F,;,^<cM^|;,,,,^,f + 

where — because of Lemma 8.5. 

To estimate F'-^'^'^hij.phrs-ph^ we used [8, inequality (2.1.73)] and (8.55). 
Now we have 

\f'\F{^) = !/>(!, 1) + |/|(F(^) - F(l, 1)) 

(8.59) 1/ I 1/ I 

<n\f'\ + \f'\c{t), 
where < c(<) 0, hence 

v'f"\\A\\'F^^g,, + XF^Af <c||Af - (7 - X^l/nAf 

(8.60) , 

+ Xcc{t)\f 

Together with (8.56) we deduce that ip is a priori bounded from above. □ 

In the next two theorems we prove the optimal decay of ||-Du|| and ||A|| which 
finishes the C^-estimates. 

Theorem 8.7. Letii = we'''*, then \\Du\\ is uniformly bounded during the evolution. 
Proof. Let ip = Lp{t) be defined by 

(8.61) (/> = suplogwe^^*. 

M(t) 

Then, in view of the maximum principle, we deduce from the evolution equation of 
V, cf. Lemma (4.2), 

^ < ce-^* + F-^{f"\\Du]\^F'^g,j + 27FV) 

(8.62) < ce-^* + 2F-\f"F'^g,, + jF^)^ 
< ce-'=*(l + ^), 

where e > small, i.e., ip is uniformly bounded. □ 

Theorem 8.8. The quantity w = ^\\A\\'^e'^''^ is uniformly bounded during the evo- 
lution. 

Proof. Define ip — ip{t) by 

(8.63) ip ~ sup w. 

M{t} 

We deduce from Lemma 8.3 that for a.e. t > to, to > large, 

+ 7||A||V^* 

(8.64) < _ _L^fci/j»^^/jJ^g27t + F-^{-2h'3F,Fje^''" - F f'" h'^ u.u^F'^ g,jv) 

+ 2F-^{nf"i^ip + jF^p) + ce"'*(l + ip) 
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where e > is small. 

For the last inequality we estimated the crucial term 

(8.65) F'^''-'h,j,phrs;ghP1 

in the following way. 

Since F^i gij > 1) and 

(8.66) F'^igM)g.j=F{l,...,l) 
we deduce that the derivative vanishes in hki = gu 

(8.67) F'^^'•%gM)g^J = 0. 
Hence 

(8.68) F'''''^hi)g^, - \u\{F''^'^'{\u\hki) - F'^^^^lgkl))g^J 

7 

which means by mean value theorem 

(8.69) |!F^^"'"(/ifeOg,j|| <c|«|2. 

Although the last inequality is good enough, we mention that its right side could 
be improved to c|up~'^, e > arbitrary, cf. Lemma 8.6. 
Furthermore, to estimate (8.65) we use 

(8.70) h^j.p = h^j.p - Vpf g^j ~ vf Upgij + ipaf}i^"x^gij + il^ax'^hpg^j 
and 

(8.71) Vp = r]ai3iy°'x^ - UrKp 

So in view of Lemma 8.6 and Theorem 8.7 we have choosing coordinates such 
that {hij) diagonal and gij = dij 

\F hij-phj-g-qh^'^^ ^ h-ij-phj-g-qh^^^ 

+ 2\F''^'^'hrs■pg^J{-Vq.f' - i/'uq + tP^piy^x^q + ^Po^x^h^hPil 

^^■'^^^ + \F''''''grs9^J ^(-«p/' - v/'up + i^„/3i^"x^ + ^PaX^h;fhPp\ 

p 

<c\u\\\DAr\\A\\+c\\A\\\u\{\\DA\\ + l). 
The second term of the right side of inequality (8.64) can be estimated as follows 

F-^ (-2/i*^F,;Fje2T* - Ff'" h'^u,UjF^^gijv) < 

(8.73) F^'^{-2\f"\'' + / f"')h'^ii,u,i^n^ + cF-^\\DA\\^e^^' 

Now, we observe that 

(8.74) (/" = /" +27/7" = Cf', 
where C is a bounded function in view of (1.9). Hence 



•75) 2|/"|2 - /'/" = 2|/"|2 + 27|/'|V" - 



I.e., 



•76) |2|/?-/7"'l <c|/Y 
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because of (1.8) and we conclude that the left-hand side of (8.73) can be estimated 
from above by 

(8.77) ce-^*(l + ^) + cF-^\\DAfe^*. 
Next, we estimate 

(8.78) F-^{nf"v'^ + -/F'^)ip < ce'^^ip 
and finally 

(8.79) F-ii?„^^5Z/"xf j^^Xj^/i^^e^T* < ce-'\l + (/j) + Ro,o,h'^ e^^' , 
but 

(8.80) Roroj < c\u\, 

cf. proof of Lemma 4.6(iii). 
Hence we deduce 

(8.81) ip<ce-'\l + ip) 

for some positive e and for a.e. t > to, i.e. ip is bounded. □ 

9. Higher order estimates-Asymptotic behaviour of the flow 

In this section and the following two sections many proofs are identical to the 
proofs in [5] . For reasons of completeness and convenience for the reader we present 
them here. 

Let us now introduce the following abbreviations 

Definition 9.1. (i) For arbitrary tensors S, T denote by S" * T any linear combi- 
nation of contractions oi S ®T . The result can be a tensor or a function. Note 
that we do not distinguish between S *T and cS * T , where c is a constant. 

(ii) The symbol A represents the second fundamental of the hypersurfaces M(t) 
in A^, ^ = ^e''* is the scaled version, and D"^A resp. D"^A represent the covariant 
derivative of order to. 

(iii) For to G N denote by Om a tensor expression defined on AI{t) that satisfies 
the pointwise estimate 

(9.1) llanll <C™(l+||i|U)f" 

and 

(9.2) \\Dd^\\ < c,„(l + \\A\U)P- (1 + \\D^+^A\\), 
where CmiPm > arc constants and 

(9.3) ||i||„= J2 

a|<m 

(iv) For arbitrary to € N denote by Om a tensor expression defined on M{t) that 
satisfies 

(9.4) D^Om = dm+k VfceN. 

(v) By the symbol O we denote a tensor expression such that DO = Oq. 
Remark 9.2. 

(9.5) D''0,n = Om+k V(fc,TO)GNxN. 
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□ 



Lemma 9.3. We have 

(9.6) D{uf') = e^2'^*0 
especially 

(9.7) D"'{uf') = e-27*o„^_2, m > 2. 
Proof. Differentiating and adding a zero yields 

(9.8) D,iuf') = uj'{l-^f'u)+uu,{^\f'f + f") 
from which we deduce the claim in view of (1.8), (1.9) and (1.10). 

Lemma 9.4. We have 

(9.9) Diuhki) = e-^-^'Oo + e-^'^^DAO. 
Proof. Differentiating yields (gij — 5ij, hij — diagonal) 

Di{uhki) =u.Jiki + u{hki-i - riapv'^x^^f gu 

+ {■^^aV°')igki) + uUiKif gki - uvf Uigui 
and now we focus on the last term and write there 

(9.11) ./" = (/"+7l./'n-7l/?- 
Then all terms can be estimated obviously except for 

(9.12) Uihki+l\f \^uvurgku 

for which we use (1.31). □ 
Corollary 9.5. We have 

(9.13) D'^iuhki) = e~'^^^Ora-Y + e-^^'D^i * O. 

Definition 9.6. We denote by 2?'"F the derivatives of order to of F with respect 
to h). 

Lemma 9.7. We have 

(9.14) D^Pi^ = 6-27*0^^1 + e-2'^*i:»™i * V^F{\u\hu) * O, 

(9.15) \F'Khm)9., ~ {gui)g^i)\ < ce'^^*, 

(9.16) DF = VF ^ DA + er'^^VF * Co + e'^^VF * O, 
and 

(9.17) ^"F = VF * D'^'A + e-'^'Orn-i + e''*0™_2, 
for TO > 2 . 

Proof. To prove (9.14) we write 

(9.18) VF{hki)^VFi\u\hi) 
and infer 

(9.19) DVF{hki) - V^Fi\u\hki)Di\u\hi), 
hence the desired result follows in view of (9.13) and the fact that 

(9.20) \\V^F{\u\hki)\\ 
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is bounded for all to e N. 

(9.15) is proved by applying the mean value theorem. 

(9.16) follows by 

(9.21) Fk = F'^K,,k + F'^g,,{-ikf' ~ v/'u^ + -ipo.pv^xl + ^o^x^hl). 
To prove (9.17) we differentiate (9.16) and get 

D^F ^DVF ^DA + VF^ D^A + e'^^DVF * Co 

(9.22) + e-'^^VF * Oi + e'<^DVF * O + e<^VF * Oq 
=X>F * D^A + e-'^^Oi + e'^*0o, 

from which the claim follows easily. □ 

Now we want to write the evolution equation for hf in the form 

U - F-^F'^^hl.^^i =F-^DA *DA*Oo + F-^DA * Oq + F-^Oq 
+ F~^DA*DA*0. 
To check this we consider all the terms in (8.6) separately and start with 

(9.24) 



(_2F-3f^'F, - F-^F'^g,jf"'u''uiv)e^' 



We have 



Fk =F-'hrs-M - Tlo.pv'^xlj'F'-'grs " TJc^X^ Kf' F^' Qrs " ifukF^^'gr 



=Ai + A2+ Az + A4, + Az + Aq, 

hence 

{-2F-^AiAi-F~^F'^g,,/"u''uii)e"" 

=F-3(-2|/"p + f' j"')i\F^^g,^fuiu^e^' 

(9.26) - F-^F-'hrsF'^g^jfu'^uive-^' 

-F-\F'^g,,fi:^v^fu''uive'^' 

where we observed that 

(9.27) ^ = -2|/"|2 + /'/"' = (/" +7|/'n7' - 2/"(/" +7l/?). 

In view of the assumptions on / the spatial derivatives of (p can be estimated by 

(9.28) ||I?"Vi| < c™(l + ||ft||™_i)P"-i(l + ||i^™u||)e2T* Vto g N* 
for some suitable Pm-i G N. Furthermore, we have 

(9.29) - 2F~^AiAie''* F~^0o * DA * DA. 
All remaining terms are estimated as follows 

(9 30) -2F-3e7t ^ A,A, ^ F'^ DA ^ Oo + F-^Oo 

(ij)^{(l,l),(4,4)} 
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hence 
(9.31) 



F~^DA *DA*Oo + F-^DA * Oq + P-^Oo. 
Now, there are some quiet easy estimates, namely 



(9.32) 



-F-^e'^^F'^hajhfh^ 



2F-^gP^F''R^p^sx'^x^px'lxlh]e^' 



F-^gP''F'^R^p^S,,i,''x^x]xfxy 



F-^Oo 
F-^Oo. 



Furthermore, we have 



F-^e<'Ral3^sv°'x'^iV^xlg''^ 



-F Rapjsil°'vxii^"'xj.e 



(9-33) - F-^R,p^su'xfT^^xig'-''e''' + F-^R.pjsv-^u'x'^u^xW'e''* 

= F-^0, 



(9.34) 

and 
(9.35) 



ij-pilrs;l 



F-^e^'gP''h,,pDiF'^ 
F-^DA * O + F'^DA * Z?^ * O + F-^DA * Oo + F-'^Oq 



F-^e-y'F'^g,,{t^^x^h-% + f'u'hl,) 



= F-^DA*Oo, 



so that only the following term is left 
(9.36) 



F-'^e''*F'^gijf i^h'^ + jhfe''' = F-^e^\F'^ g.^f i^hf + jF^hf). 



There holds 



(9.37) 



F^ ={r'h,,f - 2F'^h,jvf'F^'grs + 2F''^7i,,^„i."F"5, 



+ Af?{F^=g.,,f - 2i^^v^if\F^^g.,,f + {^^v^f{F^=g,,) 



and 
(9.38) 



f"v^h'l+^h1i^\/\^r'g,, = v^h^iU" +l\f'?n) 

+ i^hh\f'?{F^'g.j-n), 
so that we infer 

(9.39) F-^e"'*F'^g,jf"i^hf + 7/1^ e^* = F-^Oq- 
Using the fact that 

(9.40) g,, = -2F-'h,, = F-^Oo 
(9.23) is proved. 
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Differentiating (9.23) covariantly with respect to a spatial variable we deduce 

^{DA) ~ F-^F'^DA)^j = F-^Oo + F'^D^A * DAOq 
(9.41) F-^Oo * D^A + F-'^DA * DA * DA * Co + P-^O^ *DA*DA 

+ F-^DA * Oo + F-^DA ^DA* DOa + F-^DA * DOq + F-^DOq- 
And using induction we conclude for m G N* 

£pm+ij^) - F-^F'^{D"'+^A)ij = F-^0,n 

+ F-^DOm, 

where = 1 if to = 1 and = else. 

We are now going to prove uniform bounds for i||D™+-'^A|| for all to S N. First 
we observe that 



(9.43) 



-(-llDif ) - F-'F'^=-i\\DA\\% = -F-'F^^iDAUDA), 

+ F-^Oo * DA + F-^D^A * DA * Oo * -DA + F~^0o * D^A * DA 
+ F^-^DA * DA* DA*Oo* DA + F^^Oo * DA* DA* DA 
+ F^^DA *Oo*DA + F^^DA *DA* DOq * DA 
+ F-^DA * DOq *DA + F-^DOo * DA. 



Furthermore we have for to G N* 



-(-||D'"+iA|n - ^^-^^^''^-dlD^+^Af ),, = 



(9.44) 



- F-^F'^D'^+^A),{D'''+^A)j + F-^0„, * D'"'+^A 
+ QF-^D^'^+^A * D"'+^A * Oo * D^+^A 

+ p-3jjrn+2^ * DA * Oq * D^+^A + F'^D^'+^A * 0,n * D"'+^ A 
+ F-^D"'+^A * Oo * D'^+^A + F-^DO,n * D^+^A. 



Theorem 9.8. The quantities i||D"'A|p are uniformly bounded during the evolu- 
tion for all TO G N* 



Proof. We prove the theorem recursively by estimating 




where y^t is a small positive constant and A >> 1 large. 



We shall only treat the case to = 0. 



Fix < T < oo, T very large, and suppose that 
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Applying the maximum principle we deduce 

\DAr'dt' 
+ F-^F'^AiAj{-ii + ^2^2) - A7e-'^* 

(9-47) < - \j^J-'F^\DAUDA), - ^pe-^' + cf-^pif 

+ cF-^\\DA\\ + F-^F'3A,Aj{-n + /^i^) 
<0, 

here we assumed that ||-DA|| is larger than a sufficiently large positive constant that 
does not depend on to,T. 
Thus if is a priori bounded. 

The proof for m > 1 is similar. □ 

10. Convergence of u and the behaviour of derivatives in t 

Lemma 10.1. u converges in C""(S'o) for any m G N, if t tends to infinity, and 
hence D"^ A converges. 

Proof, u satisfies the evolution equation 

(10.1) ^ - ^(1 - luf'F^'g.j + ^F^'h,, + l^^^v^r^g,,). 

Using (9.15) and the already known exponential decays we deduce 

(10.2) 1^1 < 

hence u converges uniformly. Due to Theorem 9.8 ZJ^u is uniformly bounded, 
hence u converges in C"' {So). 

The convergence of D"^A follows from Theorem 9.8 and the convergence of hij, 
which in turn can be deduced from 

(10.3) hijV = —Uij + hij. 

□ 

Combining the equations (9.23), (9.41) and (9.42) we immediately conclude 
Lemma 10.2. and ||^Z3™A|| decay by the order e~^*- for any to G N. 

Corollary 10.3. ^D^^e^* converges, if t tends to infinity. 
Proof. Applying the product rule we obtain 

(10.4) — D^i = — ^'"Ae'^* + 7i?'"i, 

dt dt 

hence the result, since the left-hand side converges to zero and D"^A converges. □ 
Corollary 10.4. We have 

(10.5) \\D'"F'^\\<c,nF-^ VtogN. 

Proof Use (9.17). □ 
In the next Lemmas we prove some auxiliary estimates. 
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Lemma 10.5. The following estimates are valid 

(10.6) \\Du\\ < ce-^\ 

(10.7) |||f-1||<cF-\ 
and 

(10.8) \i\ < ce-2T*. 
Proof. "(10.6)" The estimate follows immediately from 

(10.9) u=j, 

in view of Corollary 10.4. 

"(10.7)" Differentiating with respect to t wc obtain 

^F-^ = - F-^{F'^K, - if'F'^g,, ~ ifiiF'^g,, + ^{4,^iy'')F'- 

(10.10) dt \ tj J :n] ytj ^^\Ya j 

+ F''{~vf' +^^v^)g,j 

and the result follows from (10.8) and the known estimates for |u| and F. 
"(10.8)" We differentiate the relation r]aV°' to get 

10-11 « 1 1 i 

= -ri^piy^iy^F-' + {F-^)ku\ 

cf. (8.2). yielding the estimate for in view of Corollary 10.4. 
Lemma 10.6. 

(10.12) \\F'^'^Hhrs)g^j\\<ce-'''<\ 

(10.13) \\F'^'''\\u\Ks)g^^\<ce-^''\ 

(10.14) \\£.^{^uhki)\\<ce-^'^\ 

(10.15) |||F^J.fe'(/,^^)5,^^.|| <ce-3^*, 

(10.16) <ce-^* 

(10.17) II^F'^II <ce-2-r*, 

(10.18) \\R.Dhu\\ + \\j^DF\\<ce''K 
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Proof. "(10.12)" Use Theorem 8.8, (8.67) and (8.68). 
"(10.13)" Obvious. 
"(10.14)" Wc have 

-^{'^hki) = iihki + uhki 

(10-19) + ^^'^^ ~ - ■"^'Z -^dki - uvf c/ki 

hence in view of (10.8) 

(10.20) \\j^{uhki)\\ < ce-'-" + n\^{~f' ~ uf")\ < ce-^"^*. 
Here, concerning the summand 

(10.21) —hki - uvf —gki, 
we use 

(10.22) I - /' - uf"\ <!-/'+ 1^71/?! + c\u\, 

which follows from (1.8), and then (1.31). 
"(10.15), (10.16)" We have 

(10.23) ^F'^"-'='(/i„) = ^(|y|F*J-^'^'(|y|;i,,)) 

which impHes the claim together with (10.13) und (10.14). 
"(10.17)" Use (10.14) and F'^hrs) = F'3{\u\hrs). 

"(10.18)" Obvious in view of (10.6) and (10.8). □ 
Lemma 10.7. We have 

(10.24) + \\Di\\ < ce-^''* 
and ve'^"'^ and ve^^^ converge, if t goes to infinity. 

Proof. Differentiating (10.11) covariantly with respect to x we infer the estimate 
for lli^wll. A direct computation and easy check of each of the (many) appearing 
terms yield the convergence of ve^'^^ and ve^'^^ , especially the lemma is proved. □ 

Finally let us estimate and hi. 

Lemma 10.8. hi and hi decay like e~^* . 

Proof. The estimate for hi follows immediately by differentiating equation (8.6) 
covariantly with respect to t and by applying the above lemmata as well as Theorem 
9.8. 

Now we estimate hi . Wc have 

(10.25) h^ = e'^*/if + 27e'^*/if + 7^e'^*/if . 

Now we insert (8.6) and the equation which results from (8.6) after covariant 
differentiation with respect to t into (10.25). 
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Then many of the appearing terms decay hke e obviously. To see the decay 
of the remaining terms, namely 

_ £.^F-'F^^g,,uiu''vf"')e''' + £.{F-' f" i^hfF^' g,,)e''' 
(10.26) - 47F-3F'^F,eT* + 2-fF-''gP''F'^''-%j.phrs-ie''* 

~ 2^F-^uiuH/" F'^g.^e-" 



+ 2^e'^*F-^f"v^h'[F'^gij + 7^6'^* /if 



u /tj r - gij -1-7 e ' 

-Si + ... + Sq, 



we use the technique developed in (9.23) et seq., confer also the proof of Theorem 
8.8, to rearrange terms. In this way we see the claimed decay of 5*5 + Sj and 
^5*8 + S'g. The summand Si + can be handled similar. The summand S2 decays 
as it should due to Lemma 10.6. 5*6 is obvious. To estimate S4 + ^Ss we differentiate 
in 5*4 by product rule and use (8.6) to substitute hf. Then a little bit rearranging 
terms leads to the desired estimate. □ 

From Corollary 10.3, Lemma 10.8 and (10.25) wc infer 

Corollary 10.9. The tensor hje'^'^ converges, if t tends to infinity. 

The claims in Theorem 1.2 are now almost all proved with the exception of two. 
In order to prove the remaining claims we need: 

Lemma 10.10. The function ip = e^fu~^ converges to —'^y/rn in C°°{So), if t 
tends to infinity. 

Proof, if converges to — 7y^ in view of (1.7). Hence, we only have to show that 

(10.27) ||£'"VII<c,n VmeN*, 

which will be achieved by induction. 
We have 

(10.28) ifi = 76^-^/ UiU~^ — e'^-^u~^Ui = (pijf u — l)u~^Ui. 
Now, we observe that 

(10.29) u^^u,; = u'^u^ 

and / u have uniformly bounded C™-norms in view of Lemma 10.1 and Lemma 
9.3. 

The proof of the lemma is then completed by a simple induction argument. □ 

When we formulated Theorem 1.2 (iii) and (iv) we did not use the current 
notation where we distinguish quantities related to cjap in contrast to those related 
to gap by the superscript 

In the following two lemmas we reformulate Theorem 1.2 (iii) and (iv) using the 
current notation. 

Lemma 10.11. Let (gij) be the induced metric of the leaves M(t) of the IFCF, 
then the resettled metric 

(10.30) ei'g.,j 
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converges in C°°{So) to 

(10.31) (72m)7(-u)fa,,, 

where we are slightly ambiguous by using the same symbol to denote u{t, •) and 
liniu(<, •). 

Proof. There holds 

(10.32) gij = e^^ e^'^{-UiUj + <Tij{u,x)). 
Thus, it suffices to prove that 

(10.33) e^-'^e** ^ (72771)7 (-M)f 

in C°°(S'o). But this is evident in view of the preceding lemma, since 

(10.34) e^^e** = (-e'^-^u-i)7(-G)f . 

□ 

Lemma 10.12. The leaves M{t) of the IFCF get more umbilical, if t tends to 
infinity, namely 

(10.35) F-^l/i^ - ^^H5i \ < ce-'T*. 

In case n + uj — 4 > 0, we even get a better estimate, namely 

(10.36) - y^HSil < ce-^("+"-4)*. 

Proof. Denote by hij,v, etc., the geometric quantities of the hypersurfaces M{t) 
with respect to the original metric {gafi) in N , then 

(10.37) e^'hl = h\ + i^^.v^'Sl, F = e'^'F 
and hence, 

(10.38) - -H5l\ = F-^\h\ ~ -HSfl < cg-^T*. 

71 71 

In case ?i + a; — 4 > 0, we even get a better estimate, namely 

(10.39) \hl - ^H5f \ = e-'f'e-^e-i*\hl - InSfle-'^e'-i-''^* < ce-^^("+'^-4)* 

in view of (10.33). □ 

11. Transition from big crunch to big bang 

Wc shall define a new spacetime N by reflection and time reversal such that the 
IFCF in the old spacetime transforms to an IFCF in the new one. 

By switching the light cone we obtain a new spacetime N. If we extend F, which 
is defined in the positive cone r+ C M", to r+ U (— F^.) by 

(11.1) F{k,) = -F{-K,) 

for (Ki) e — F-i- the flow equation in N is independent of the time orientation, and 
we can write it as 

(11.2) X = -p-^i) = -{-Fy^{-i>) =: -p-^v, 

where the normal vector i> = — 7> is past directed in and the curvature F — ~P 
negative. 
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Introducing a new time function = —x'~' and formally new coordinates 
by setting 

(11.3) x° = -x°, x'=x\ 

we define a spacetime N having the same metric as A^-only expressed in the new 
coordinate system-such that the flow equation has the form 

(11.4) S: = -F-^i}, 
where M{t) = graph{t(t), u = —u, and 

(11.5) (i)°) = -{->e-'^(l,u') 
in the new coordinates, since 

(11.6) ^°--^"S = ^" 
and 

(11.7) !>' = -v'. 

The singularity in = is now a past singularity, and can be referred to as a big 
bang singularity. 

The union U TV is a smooth manifold, topologically a product (—a, a) x 5*0- 
we are well aware that formally the singularity {0} x Sq is not part of the union; 
equipped with the respective metrics and time orientations it is a spacetime which 
has a (metric) singularity in a;'' =0. The time function 



(11.8) X 







iniV 
in N 



is smooth across the singularity and future directed. 

NUN can be regarded as a cyclic universe with a contracting part N = {x'^ < 0} 
and an expanding part N = {x*^ > 0} which arc joined at the singularity {x'^ = 0}. 

We shall show that the inverse F-curvaturc flow, properly rescaled, defines a 
natural C'^-diffeomorphism across the singularity and with respect to this diffeo- 
morphism we speak of a transition from big crunch to big bang. 

The inverse F-curvature flows in N and N can be uniformly expressed in the 
form 

(11.9) i = -F-ij>, 

where (11-9) represents the original flow in N, if i° < 0, and the flow in (11.4), if 
x° > 0. 

Let us now introduce a new flow parameter 



(11.10) 



—7 for the flow in N 

7~^e~'''*, for the flow in N 



and define the fiow y — y{s) by y{s) — x{t). y — t/(s,^) is then defined in 
[—7^^, 7^^] X Sq, smooth in {s 7^ 0}, and satisfies the evolution equation 

as F ^i/e^% s > 0. 
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Theorem 11.1. The flow y ~ y[s,(^) is oj class in x So and defines 

a natural diffeomorphism across the singularity. The flow parameter s can be used 
as a new time function. 

The flow y is certainly continuous across the singularity, and also future directed, 
i.e., it runs into the singularity, if s < 0, and moves away from it, if s > 0. The 
continuous differentiability of ?/ = j/(s,C) with respect to s and ^ up to order three 
will be proved in a series of lemmata. 

As in the previous sections we again view the hypersurfaces as embeddings with 
respect to the ambient metric 

(11.12) ds^ = ~{dxy + aij{x°,x)dx^dx^ . 
The flow equation for s < can therefore be written as 

(11.13) y =-F-^ve'<K 

To prove that y is of class in (—7"^, 7^^) x 5*0 we must show that y , j/i, 
yi, y , yij, y , yij, yi , yijk (and derivatives obtained by commuting the order of 
differentiation) are continuous in {0} x Sq, which means that we must show that 
for each of these derivatives the limits limsto, hnis^o (uniformly with respect to the 
space variables ^*) exist and are the same. 

Due to 

(11.14) y^is)^ x°it), y\s)=x\t) Vs < 0, 
and 

(11.15) y°{s) = -x°{t), y'{s)^x'{t) Vs > 

we will consider the 0-component and the i-component of each of the above deriva- 
tives separately and calculate their limits as s f and s J, 0. Since in each case 
the limit s f has the same value or the same value up to a sign as the limit s ^ 
(provided one of them exists) it is sufficient to have a look at the limit s ^ and 
prove its existence or that it is in addition zero respectively. 

Lemma 11.2. y is of class in x Sq. 

Proof, y is continuous across the singularity if 

(11.16) lim — v^Aimy'i exist, 
and if 

(11.17) lim— = limw° = 0. 

Only the limit lim^i-o ul is not obvious, but one easily checks that x{ is a 'Cauchy 
sequence' as t — >■ 00 since its derivative with respect to t can be estimated by ce~^*' ^ 
hence limg-f-o yl exists as well. 

Remark 11.3. The limit relations for {D"^y,-^) and (D™?/, ^), where £>™y 
stands for covariant derivatives of order m of y with respect to s or ^* are identical 
to those for {D"^y,—v) and {D™y,Xi) because v converges to — gfn, if s t 0. We 
want to point out that we have chosen local coordinates in Sq which arc given by 
the limit of the embedding vector x so that we also have Xi — >■ ^ . 

□ 
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Let US examine the second derivatives 
Lemma 11.4. y is of class in (— 7^"'^, 7^"^) x So. 

Proof. The normal component of has to converge and the tangential com- 

ponents have to converge to zero as s f 0- For s < we have 

(11.18) y ^-F-^e''^v 
and 

(11.19) y, = p-'^Fie'^^v - F^^e'^V,. 

The normal component is therefore equal to 
(11.20) 

- p-^e<\P'''hki;r - P'^'guv^f' - P^'gkii/'u, + P^gki^o.^xfiy'^ + P'^' gki^^x^K) 
which converges to 

(11.21) limniPuy^/'u^u,. 
The tangential components are equal to 

(11.22) -P-^e^'h,u 

which converge to zero. 

"yi/^. The Gaufiformula yields 

(11.23) yij = hijV 

which converges to zero as it should. 

"2/ ": Here, the normal component has to converge to zero, while the tangential 
ones have to converge. 

We get for s < 

(11.24) ^ dt^ ^ ' 

= -p-'i^e^-" + p-^vPe"-^' - p-\-ie'"^\ 

The normal component is equal to 

-p-^e'-'^P'^Kj _ ~fF-3g^^ _ if'uP-ig^^ 

(11.25) + ij^py'^xf'P'^g,, + V'aJ>"F'J5,j - 7F) 

-P-^^-^'i-vf +i,^v'')P''g,,. 

p-2^2'yt converges, all terms converge to zero with the possible exception of 

(11.26) - F'^g,,vf"u --fP^ -P-\P'^g,,i^f" + 7^^), 

which however converges to zero, too. 
The tangential components are equal to 

P-^Dk(p-^)e^''' = - P-'e^-^iP'^h,,.,, - ikf'F'^g,, 

- if"ukF'^g,j + ^<,pi^"xlP'^g,, + i^o.x'^hlP'i g,,), 

which converge to 

(11.28) VmY-^n{Fuy^{f' ufuuk. 

□ 
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Lemma 11.5. y is of class in (—7 -'^,7 x 5o. 

Proof, ^^yijk^: Now, the normal component has to converge to zero, while the 
tangential ones should converge. Again we look at s < and get 

(11.29) yij = hijV, 

(11.30) yijk = hijkv + hijVk- 
Hence, yijk converges to zero. 

"Vij^- The normal component has to converge, while the tangential ones should 
converge to zero. 

Using the Ricci identities and Lemma 4.6 (iii) it can be easily checked that, 
instead of y^, we may look at -^{yij)- 
From (11.29) we deduce 

(11.31) £y„- = /i,ji/e^* + %z>e-^*, 

and conclude further that the normal component converges in view of Corollary 
10.3 and the tangential ones converge to zero, since v vanishes in the limit. 

" y^ " : The normal component has to converge to zero and the tangential ones 
have to converge. 

From (11.24) wc infer 

y" = - F-^e^'^'F'^ik^^'^ - i^f'g,, ~ if"u''9^, + {i^o.^'^f 9^,)xk 



(11.32) 



and thus 



(11.33) 



+ F-^^'^^^i'P^g^.if" + 7i^^^9.,l/?] - iW'h^i? 
+ (V;«J^")'(F'^5«j)' - 2^/'F*^7i,,F'^g,, 
+ 2i,^v'^F'^h,,F'''g^ - 2i,f'i>^iy"iF'^g,jf])u 
+ 2F-^e^'>\df' F'^h.j - ijaiy"F''^hij)iy 

y'i = - (F-3e2^*F'^' (/!,>• - v'^f'g.,, - vf"ii'g,, + (V'oi^")')g,,);a.fc 

+ iF~'e'-"{F^^k, - if'F'^g., + £-{^^i.'-)F^^ g,^)),j, 

+ F-^e^^\F'^kj ~ if'F'^g,, + 2-^{il,^v^)F^^ g,j)vi 

+ {F-^^'<\^i^F''g,,[f" +^F'^^g,,\f'\^] - i[{F''=h,f 

+ {i:o.v^f{r'g,,f - 2if'r^h,,F''g,, + 2^^v^ F'' K.F'^ g,, 

- 2vf'^,o,v'^{F^^g.,,f]))iv + F-^e'-^i-v^F^^g^.U" + lF^'g^,\f'[' 

- iW'Kjf + (^„z.")2(F*Jg,^.)2 _ 2i,f'F'^h,,F'^g,, 
+ 24,^u^F'^h,jF'^g,, ~ 2if'^^v^{F'^g,,f])vi 

+ i2F~^e^^\vf'F'^h,, - i,^iy"F'^h,j))iiy 
+ 2F'^e^^\vf' F'^K, - i^^y'^F'^h.jW 
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Therefore, the norraal component converges to zero, while the tangential ones con- 
verge. 

"y ": Differentiating the equation (11.32) we get 

- 27F-3e3'^*F'^(/i,j.f - i^f'g,, - ifu'^g,, + {^Pa^i^^f g^,)xk 

- F-^e^'<* j^{F'W^^ - i^f'g,, ~ d/'u'^g^, + {i^a'^")''g^,))xk 

- F-^e'-^r^ih^^ - i^/g,, ~ ifu'^g,, + (^■aZ^")'=5y)ifc 

- 2F-^e'^\F'^k, - i/F'^g.j + j^{^^u^)F'^ g,^)u 

+ 2^F-^e^'^\F''^k, ~ if'F'^g,, + R{^^iy^)F'^ g^^),y 
+ F-^e'-'^j^iF^^k, - if'r^g,, + j^iiJo^v^F^' g.,)v 

+ F-^e^^\F'^kj - if'F'^g.j + 2.^[-^:^v^)F^' g,,)v 

- 3F-^e'^\-i^F^^g.,,[f" +^F^^g,,\f'\'] ~ j[{F^' h^.f 
+ - 2vf'F'^h,jF'^g,, 

+ 2ij^v^F'^h,jF'^g,, - 2i,f'ij^v^{F''g,jf])v 

(11.34) + 27F-3e3'^*(-^2F^^g,,[/" +7F^^9,,|/'n - ^[{F^^h^. f 
+ {i^^v^f{F'^g^jf - 2vf'F'^h,jF'^g,, 

+ 24,^v'^r^K,r^g,, - 2S/V„z."(F'J5y)2])z. 

+ F-^e^'<'j^{~i^F^=g,,[f" + 7F^^9.,|/?] - l[{F^'h,f 

+ {^Pc.^y''f{F''g^Jf - 2vf'F'^KjF'^g,^ 

+ 2^a.iy"F'^h,,F'^g,, - 2if'^o.y''{F'^g,j f])y 

+ F-'€'^'{-^F^'g,,[f" +^r^g,,\/^]-^\{r^h,,f 

+ {4,^v^f{F'^g,j f - 2vf'F'^h,jF'^g,, 

+ 2ij^v^F'^h,jF'^g,, - 2i,fij^v^{F''g,jf])v 

- 6F-^e^''\i)f' F'^hij - iljaiy"F'^hij)iy 
+ AjF'h'''>\ijf'F'^h,j - ^^iy''F'^h,,y 

dV 

+ 2F-^e-^\vf' F'^h^j - ip^v^F'^h^j)!^. 

We remark that 

(11.35) xu^F-'^FkU^F-^Uk 
and 

(11.36) ilk = F-^Vk ~ F^^vFk 



+ 2F-^e^^'-{vf'F'^h,, - ^^v''F'^h,j)v 
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and that in the fohowing especiahy the results of Lemma 10.5, Lemma 10.8 and 
Corollary 10.9 will be used. 

Let us consider the normal component of y first, which has to converge. We 
will present here only how to handle the following term, the other terms are easier. 



(11.37) 



+ 2{F'^g,,-nhf'f"u 
=h+l2 + h. 



11 converges due to assumption (1.13), and the convergence of I3 is obvious. For 

12 we use 

(11.38) =F''-'''i\u\k,)g,,j^{\u\K,) + F^'g,, 

together with (8.2), (10.13) and (10.14). 

Now we consider the tangential component of y , i.e. we prove 

(11.39) {y"\xi)^0. 
The crucial terms are 

SF-^e^^'iF'^g.^^v^i/'fuu'' + 2-fF-^e^^'vf"u''F'^g,^ 

^^^'^^^ + F-^e'^^*vf"'u''uF''g^j + F-'^e^^*{F''g,jfi^\f"fu'' 

and can be rearranged to yield 

(11.41) F-'e^^Wiu\if" if" + 7l/?) - /' (/" + 7l/?)' ). 

Hence the tangential components tend to zero. 

The remaining mixed derivatives of y which arc obtained by commuting the order 
of differentiation in the derivatives we already treated arc also continuous across 
the singularity in view of the Ricci identities and Lemma 4.6 (iii). □ 
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